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ABSTRACT
The parallel growth of accidents and casualties to the increasing number of motor
vehicles during the twentieth century and up to our days, has led the actuarial scientists
around the world to develop Bonus-Malus Systems (BMS) that penalize insureds
responsible for one or more accidents by premium surcharges or maluses and reward
claim-free policyholders by awarding them discounts or bonuses. The Bonus-Malus
Systems have played a fundamental role in the automobile insurance since it holds a
significant part of the non-life business of many companies. Furthermore, due to the
enormous and still growing competitiveness of the market, the Bonus-Malus Systems
should be efficient, penalizing the bad drivers and simultaneously competitive. A
basic interest of the actuarial literature is the construction of an optimal or ‘ideal’
BMS defined as a system obtained through Bayesian analysis. The main objective of
the current thesis will be the study of optimal Bonus-Malus Systems using different
underlying approaches. The majority of optimal BMS assign to each policyholder a
premium based on his number of claims (claim frequency) disregarding his/hers
aggregate claim amount (claim severity). In this way, a policyholder who underwent
an accident with a small size of loss will be unfairly penalized in the same way with a
policyholder who had an accident with a big size of loss. Motivated by this, in chapter
2 we will present an optimal BMS based on the a posteriori frequency and the a
posteriori severity component under the assumption that the number of claims is
distributed according to the Negative Binomial distribution and that the losses of the
claims are distributed according to the Pareto distribution. Also, we will present a
generalized optimal BMS that is based both on the a priori and a posteriori
classification criteria by incorporating a priori information for each policyholder in the
above design. In chapter 3, we will present a classical optimal BMS that takes into
account the claim frequency and one that takes into account both the claim frequency
and the claim severity. This time the claim frequency is distributed according to the
Geometric distribution and the claim severity is distributed according to the Pareto
distribution again. In chapter 4 we will present an optimal BMS that uses a three
parameters distribution the Hofmann’s distribution for modeling claim frequency.
Furthermore, a non-parametric method, that permits a simple formulation of the
stationary and transition probabilities in a portfolio, is presented for the construction
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of an optimal BMS. In chapter 5, our analysis is based on the fact that for the
construction of optimal BMS the distribution of the number of claims is frequently
chosen within the “mixed-Poisson” family. We will show the general properties of
“mixed Poisson” family distributions and we will give a unifying approach of several
particular cases including the geometrical, the P-Erlang, the Negative Binomial and the
Poisson inverse gaussian distributions. Also, in order to avoid the problem of
adjustment that is the thickness of the tails of the underlying distributions we will
present a new family of “mixed-Poisson”, built upon “fatty-tailed” underlying
distributions, the “P-rational’’ distributions. In chapter 6, we will present an
alternative approach to BMS the Stochastic Vortices Model developed under the
assumption that we have an open portfolio, i.e., we consider that a policy can be
transferred from one insurance company to another and that the new policies that
constantly arrive into a portfolio can be placed not only in the “starting class” but into
any of the bonus classes. The Stochastic Vortices Model applies to populations
divided into sub-populations which correspond to the transient states of homogeneous
Markov chains. Also, by using the limit state probabilities of the Model we can
estimate the Long Run Distribution for a BMS and calculate optimal bonus-malus
scales. Furthermore, since the Stochastic Vortices Model allows the subscription and
the annulment of policies in the portfolio it is an alternative approach to the usual BMS
model and the fact that the population is taken as open renders it quite representative of
the reality. Finally, in chapter 7 for the first time in actuarial literature, we will
propose a combination of a Poisson- Inverse Gaussian distribution for modeling claim
frequency and of a Pareto distribution for modeling claim severity for the construction
of an optimal BMS.
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ΠΕΡΙΛΗΨΗ
Η παράλληλη αύξηση των ατυχημάτων και των απωλειών ζωής με τον αυξανόμενο
αριθμό μηχανοκίνητων οχημάτων κατά τη διάρκεια του εικοστού αιώνα μέχρι και τις
μέρες μας, έχει οδηγήσει τους επιστήμονες του αναλογισμού ανά τον κόσμο να
αναπτύξουν συστήματα εκπτώσεων- επιβαρύνσεων (Bonus-Malus Systems) τα οποία
επιβάλουν ποινές στους ασφαλιζομένους που είναι υπαίτιοι για ένα ή περισσότερα
ατυχήματα μέσω της επιβολής επιβαρύνσεων στα ασφάλιστρά τους (ή malus) και
επιβραβεύουν τους ασφαλιζομένους χωρίς ατυχήματα απονέμοντας τους εκπτώσεις
(ή bonus). Τα συστήματα εκπτώσεων- επιβαρύνσεων έχουν παίξει έναν θεμελιώδες
ρόλο στην ασφάλιση των οχημάτων καθώς κατέχουν ένα σημαντικό τμήμα στον
κλάδο γενικών ασφαλίσεων (non-life business) πολλών εταιρειών. Επιπλέον, λόγω της
ήδη τεράστιας αλλά και επιπλέον αυξανόμενης ανταγωνιστικότητας της αγοράς, τα
συστήματα εκπτώσεων- επιβαρύνσεων πρέπει να είναι συνεπή επιβάλλοντας ποινές
στους κακούς οδηγούς και ταυτόχρονα ανταγωνίστηκα. Βασικό ενδιαφέρον της
αναλογιστικής επιστήμης αποτελεί η κατασκευή ενός βέλτιστου ή ‘ιδανικού’
συστήματος εκπτώσεων- επιβαρύνσεων το οποίο ορίζεται ως ένα σύστημα το οποίο
αποκτήθηκε μέσω της Μπευζιανής ανάλυσης. Ο βασικός στόχος της παρούσας
διατριβής είναι η μελέτη των βέλτιστων συστημάτων εκπτώσεων- επιβαρύνσεων
χρησιμοποιώντας διαφορετικές βασικές προσεγγίσεις. Η πλειονότητα των βέλτιστων
συστημάτων εκπτώσεων- επιβαρύνσεων βασίζεται στον αριθμό των ατυχημάτων
(συχνότητα των ατυχημάτων) του ασφαλιζόμενου για να την ανάθεση του
ασφάλιστρου και αγνοεί το συνολικό τους κόστος (σφοδρότητα των ατυχημάτων).
Συνεπώς αδίκως η επιβαλλόμενη ποινή σε ένα ασφαλιζόμενο ο οποίος υπέστη
ατύχημα μικρού κόστους θα είναι όμοια με ένα ασφαλιζόμενο ο οποίος υπέστη
ατύχημα μεγάλου κόστους. Παρακινούμενοι από αυτό το γεγονός στο κεφάλαιο 2,
υπό την παραδοχή ότι ο αριθμός των ατυχημάτων κατανέμεται με βάση την Αρνητική
Διωνυμική κατανομή και ότι το κόστος των ατυχημάτων κατανέμεται με βάση την
κατανομή

Pareto,

θα

παρουσιάσουμε

ένα

βέλτιστο

σύστημα

εκπτώσεων-

επιβαρύνσεων το οποίο βασίζεται στην a posteriori συνιστώσα της συχνότητας αλλά
και στην a posteriori συνιστώσα της σφοδρότητας των ατυχημάτων. Επιπλέον, θα
παρουσιάσουμε ένα γενικευμένο βέλτιστο σύστημα εκπτώσεων- επιβαρύνσεων το
οποίο βασίζεται και στα a priori και στα a posteriori κριτήρια κατηγοριοποίησης των
8

ασφαλιζομένων καθώς ενσωματώνει στο αρχικό σύστημα και τις a priori
πληροφορίες για κάθε ασφαλιζόμενο. Στο κεφάλαιο 3 θα παρουσιάσουμε ένα
κλασικό βέλτιστο σύστημα εκπτώσεων- επιβαρύνσεων, το οποίο λαμβάνει υπόψη την
συχνότητα των ατυχημάτων, και ένα άλλο το οποίο λαμβάνει υπόψη

και την

συχνότητα των ατυχημάτων και την σφοδρότητα των ατυχημάτων. Αυτή τη φορά η
συχνότητα των ατυχημάτων θα κατανέμεται με βάση την Γεωμετρική κατανομή και η
σφοδρότητα των ατυχημάτων θα κατανέμεται, πάλι, με βάση την κατανομή Pareto.
Στο κεφάλαιο 4 θα παρουσιάσουμε ένα βέλτιστο

σύστημα εκπτώσεων-

επιβαρύνσεων στο οποίο χρησιμοποιείται μια κατανομή τριών παραμέτρων, η
κατανομή Hofmann, για να μοντελοποιηθεί η συχνότητα των ατυχημάτων. Επιπλέον
θα παρουσιάσουμε μια απαραμετρική μέθοδο η οποία ‘επιτρέπει’ μια απλή
τροποποίηση των στάσιμων (stationary) πιθανοτήτων και των μεταβατικών
(transition) πιθανοτήτων ενός χαρτοφυλακίου για την κατασκευή ενός βέλτιστου
συστήματος εκπτώσεων- επιβαρύνσεων. Στο κεφάλαιο 5 η ανάλυσή μας θα βασιστεί
στο γεγονός ότι για την κατασκευή ενός βέλτιστου

συστήματος εκπτώσεων-

επιβαρύνσεων η κατανομή του αριθμού των ατυχημάτων επιλέγεται συχνότερα μέσα
από την οικογένεια μεικτών κατανομών Poisson (“mixed Poisson” family). Θα
δείξουμε τις γενικές ιδιότητες των κατανομών από την οικογένεια μεικτών
κατανομών Poisson και θα δώσουμε μια ενοποιημένη προσέγγιση αρκετών
συγκεκριμένων κατανομών όπως της Γεωμετρικής, της P-Erlang, της Αρνητική
Διωνυμικής και της Poisson inverse Gaussian. Επίσης αποσκοπώντας στην αποφυγή
του προβλήματος της προσαρμογής το οποίο αφορά το πάχος των ουρών των ανωτέρω
βασικών κατανομών θα παρουσιάσουμε μια καινούργια οικογένεια μεικτών
κατανομών Poisson η οποία έχει δημιουργηθεί βάση κατανομών με ‘παχιές’ ουρές
τις “P-rational’’ κατανομές. Στο κεφάλαιο 6 θα παρουσιάσουμε μια διαφορετική
προσέγγιση των συστημάτων εκπτώσεων- επιβαρύνσεων το Stochastic Vortices
Model το οποίο έχει δημιουργηθεί υποθέτοντας ότι έχουμε ανοιχτό χαρτοφυλάκιο,
δηλαδή θεωρούμε ότι ένα ασφαλιστήριο συμβόλαιο επιτρέπεται να μεταφερθεί από
την μια ασφαλιστική εταιρεία στην άλλη και ότι τα νέα ασφαλιστήρια συμβόλαια που
συνεχώς καταφθάνουν σε ένα χαρτοφυλάκιο δεν τοποθετούνται μόνο στην αρχική
κατηγορία αλλά σε οποιαδήποτε κατηγορία bonus . Το Stochastic Vortices Model
εφαρμόζεται σε πληθυσμούς που χωρίζονται σε υποπληθυσμούς

οι οποίοι

αντιστοιχούν στις μεταβατικές καταστάσεις των ομογενών Μαρκοβιανών αλυσίδων.
Επίσης χρησιμοποιώντας τις οριακές πιθανότητες καταστάσεων (limit state
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probabilities) του μοντέλου μπορούμε να εκτιμήσουμε την Long Run Distribution
ενός

μπόνους-μάλους συστήματος και να υπολογίσουμε βέλτιστες bonus-malus

κλίμακες. Επιπλέον το Stochastic Vortices Model αποτελεί μια διαφορετική
προσέγγιση των συστημάτων εκπτώσεων- επιβαρύνσεων επειδή επιτρέπει την
συνδρομή αλλά και την κατάργηση των ασφαλιστηρίων συμβολαίων στο
χαρτοφυλάκιο. Εν κατακλείδι στο κεφάλαιο 7 για πρώτη φορά στην βιβλιογραφία της
ασφαλιστικής επιστήμης θα προτείνουμε τον συνδυασμό της

Poisson- Inverse

Gaussian κατανομής, για την μοντελοποίηση της συχνότητας των ατυχημάτων, με την
κατανομή

Pareto για την μοντελοποίηση της σφοδρότητας των ατυχημάτων με

σκοπό την κατασκευή ενός βέλτιστου συστήματος εκπτώσεων- επιβαρύνσεων.
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CHAPTER 1
INTRODUCTION
1.1 Automobile insurance
During the previous century and up to our days, the number of motor vehicles is under a
constant growth. Unfortunately, a bad consequence of this event is the parallel growth
of accidents and casualties.
Property and liability motor vehicle coverage is divided into first and third party
coverage. First party coverage provides protection if the vehicle’s owner is
responsible for the accident and protects him as well as his property. Third party
coverage provides protection if the vehicle’s owner causes harm to another party, who
recovers their cost from the policyholder. First party coverage may include first party
injury benefits such as medical expenses, death payments and comprehensive
coverages.
Automobile third-party liability coverage has been made compulsory in most
developed countries for a vehicle to be allowed on the public road network. The
compulsory motor third party liability coverage represents a considerable share of the
yearly nonlife premium collection in these developed countries. Furthermore, this
share becomes more prominent when first party coverages are considered (i.e.
medical benefits, uninsured or underinsured motorist coverage, and collision and
other than collision insurance). Moreover, insurance companies maintain large data
bases, recording policyholders' characteristics as well as claim histories. The
economic importance and the availability of detailed information have to do with the
fact that a large body of the actuarial literature is devoted to this line of business.
Most actuaries from all over the world are devoted to the analysis of the number of
claims filed by an insured driver over time. They face the problem of designing tariff
structures that will fairly distribute the burden of claims among policyholders.
The formation of a ‘pool’ in which the policyholders put their risks is the fundamental
principle of insurance. Also, it is fair to ask each member to pay a premium that is
15

proportional to the risk that he imposes on the pool if these risks are unequal. In order
to have a fair share of the costs of claims, it is very important to estimate the
underlying risk of each insured party for the construction of a set of rates. In the
design of a new tariff structure, the main task of the actuary is to make this possible
by the partition of all policies into homogeneous classes with all policyholders paying
the same premium when they belong to the same class.
Policyholders are covered by the liability insurance if, as drivers of a covered vehicle,
injure a third party's property. The insurer provides legal defense for the policyholder
if the policyholder is sued with respect to negligence for property damage or bodily
injury. Also, the damages assessed against the policyholder will be paid by the insurer
on behalf of the insured.
In the tort system, the claim is indemnified by the insurer only if he believes that the
accident was caused by the insured or the third party sues the insured and proves that
he was at fault in the accident. In such a system a large part of the premium income is
consumed by legal fees, court costs and insurers' administration expenses. That is the
reason why, several North-American jurisdictions have implemented a no-fault motor
insurance system.
Nevertheless, even in a pure no-fault motor environment, the police still investigates
which driver caused the accident or the degrees to which the drivers shared the fault
because the at-fault events cause the insurance premium to rise at the next policy
renewal.
A key actuarial ratemaking principle is cost-based pricing of individual risks. An
estimate of the future costs related to the insurance coverage is the price charged to
policyholders. The price of an insurance policy is defined by the pure premium
approach as the ratio of all future claims estimated costs against the coverage that the
insurance policy provides while it is in effect to the risk exposure, plus expenses.
The ratemaking of the property/casualty is based both on a claim frequency
distribution and a loss distribution. The claim frequency is defined as the number of
incurred claims per unit of earned exposure. The exposure is measured in car-year for
16

motor third party liability insurance, the rate manual lists rates per car-year. The
average payment per incurred claim is the average loss severity. Under mild
conditions, the pure premium equals the product of the average claim frequency times
the average loss severity.
In liability insurance, several years are often required for the settlement of larger
claims. Therefore much of the data available for the recent accident years will be
incomplete, as the final claim cost will be unknown. In this case, a final cost estimate
can be obtained by loss development factors. Then the average loss severity is based
on incurred loss data. In contrast to paid loss data, which are purely objective
representing the company’s actual payments, incurred loss data include subjective
reserve estimates. The large claims have to be analyzed carefully by the actuary due
to the fact they represent a considerable share of the insurer's yearly expenses.
1.2 Risk classification
Nowadays, in a competitive market it is very difficult for insurance companies to
maintain cross subsidies between different risk categories. For example if male
drivers are proved to cause fewer accidents than female drivers and if a company
charged an average premium to all policyholders regardless of gender, disregarding
this variable, most of its male policyholders would be tempted to move to another
company that offers better rates to male drivers. Then a disproportionate number of
female policyholders and insufficient premium income to pay for the claims are the
result for the former company.
In order avoid lapses in a competitive market, as we have already mentioned,
actuaries have to design a tariff structure that will distribute the burden of claims
among policyholders fairly. The policies are partitioned into classes with all
policyholders belonging to the same class paying the same premium. Every time an
additional rating factor is used by a competitor, the actuary must refine the partition to
avoid losing the best drivers with respect to this factor. Because of this, we can
understand why insurance companies use so many factors even thought this is not
required by actuarial theory, but instead is required by competition among insurers.
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In a free market, a rating structure that matches the premiums for the risks as closely
as possible or at least as closely as the rating structures used by competitors has to be
used by insurance companies. This entails that virtually every available classification
variable correlated to the risk must be used. If this doesn’t happen the chance to select
against competitors would be sacrificed, and the risk of suffering adverse selection by
them is incurred. Thus the competition between insurers doesn’t lead to actuarial
science since it leads to more and more partitioned portfolios. Also, social disasters
are caused very often by this trend towards more risk classification. More specifically,
drivers sharing the characteristics of ‘bad’ drivers are tempted to drive without
insurance as they do not find coverage for a reasonable price. At this point we should
mention that even if a correlation exists between the rating factor and the risk covered
by the insurer, there may be no causal relationship between that factor and risk.
Requiring that insurance companies establish such a causal relationship to be allowed
to use a rating factor is subject to debate.
Classification plans for the creation of risk classes are used by property and liability
motor vehicle insurers. The classification variables introduced to partition risks into
cells are called a priori variables because we can determine their values before the
policyholder starts to drive. Premiums for motor liability coverage often vary by the
use of the vehicle i.e. business use or driving to and from work, the territory in which
the vehicle resides, and individual characteristics such as age, gender, occupation and
marital status of the policyholder, for instance, if not precluded by legislation or
regulatory rules. If any of these classification variables are misrepresented by the
policyholders in their declaration, they can lose the coverage when they are involved
in an accident. There is thus a strong incentive for accurate reporting of risk
characteristics.
A priori classification can be easily achieved with the use of generalized regression
models. The method can be summarized as follows: As the base cell we choose one
risk classification cell. Normally it has the largest amount of exposure. The rate for
the base cell is referred to as the base rate. A variety of risk classification variables,
such as territory and so on define other rate cells. For each risk classification variable,
there is a vector of differentials; with the base cell characteristics always assigned one
hundred per cent.
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At this point, it is worth mentioning that the generalized linear models developed by
Nelder and Wedderburn (1972) can be very useful. Nelder and Wedderburn
discovered that regression models with a response distribution belonging to the
exponential family of probability distributions shared the same characteristics.
Members of this family include distributions that have been widely used by actuaries
to model the claims number, or claims severities such as Normal, Binomial, Poisson,
Gamma and Inverse Gaussian. Actuaries who work with the exponential family can
relax the restrictive hypotheses behind the Normal linear regression model, namely:
the response variable takes on the theoretical shape of a Normal distribution, the
variance is constant over individuals, the fitted values are obtained from linear
predictors, or scores which are linear combinations of the explanatory variables.
More specifically, another member of the exponential family can replace the Normal
distribution, this can be allowed for heteroscedasticity, and we can obtain fitted values
from the link function a nonlinear transformation of linear predictors. Finally, the
regression parameters can be estimated by maximum likelihood (many statistical
packages offer efficient algorithms for this purpose).
1.3 Experience Rating
The supervising authorities excluded from the tariff structure certain risk factors, even
though they were significantly correlated to losses, because of the trend towards more
classification factors. Classifications based on items that are beyond the control of the
insured such as gender or age, were banned by many states. The resulting
inadequacies of the a priori rating system can be corrected for by the idea that came
in the mid-1950s to use the past number of claims in order to allow for premiums
adjustments a posteriori. Such practices are called experience rating. Furthermore,
these practices are much in line with the concept of fairness: a priori ratemaking
penalizes policyholders who 'look like' bad drivers, even if they are actually very
good drivers and they will never cause any accident, whereas experience rating
adjusts the amount of premium using the individual claim record. A balance between
the likelihood of being a good driver, who is unlucky and suffered a claim, and the
likelihood of being a truly bad driver, to whom his insurance company should make
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an increase in the premium he has to pay, is made by the use of actuarial credibility
models. Also, experience rating system may be more acceptable to policyholders than
seemingly arbitrary a priori classifications as it fair to correct the inadequacies of the
a priori system by using a more adequate system.
Additionally, in the a priori risk classification many important factors cannot be taken
into account even if the considerable importance of these factors is acknowledged by
common sense and experience. More specifically, individual driving abilities such as
accuracy of judgment, swiftness of reflexes, aggressiveness behind the wheel, respect
for the highway code, and drinking behavior, are not taken into account in auto
insurance rating, a priori, as these variables are impossible to measure in a costefficient way. For instance, consider two middle-aged males who are driving the same
car model in the same city. Due to differences in individual behavior, these drivers
may exhibit very different accident patterns. Consequently, tariff cells are still quite
heterogeneous (we can model this heterogeneity by a random effect in a statistical
model). So, it seems only reasonable that the number of claims reported by the
policyholders can partly reveal hidden characteristics. The adjustment of the premium
from the individual claims history can restore fairness among policyholders. Hence,
an exogeneous explanation of serial correlation for longitudinal data is responsible for
the allowance of past claims in a rating model. Then, correlation is only apparent and
derives from the revelation of hidden features in the risk characteristics.
At this point, it should be mentioned that an endogeneous explanation can also be
received by serial correlation for claim numbers. Accordingly, the claims history of
the policyholders modifies the risk they represent. For example, it is possible that
when a claim is reported, the risk of reporting a future claim may lower as the
perception of danger while driving may be modified. Thus incentives to careful
driving are provided by experience rating schemes and also negative contagion should
induce. Nevertheless, since we always observe positive contagion for the claims
number the main interpretation for automobile insurance is exogeneous. That is
because policyholders who reported claims in the past have a bigger probability to
produce claims in the future than those who did not, whereas true contagion should be
negative.
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1.4 Bonus-Malus Systems in automobile insurance
Experience rating is used by insurers in many European and Asian countries, as well
as in North-American states. Such systems penalize insureds responsible for one or
more accidents by premium surcharges or maluses and reward claim-free
policyholders by awarding them discounts or bonuses. Their main purpose except
encouraging policyholders to drive carefully is to better assess individual risks so that
in the long run, everyone will pay a premium that corresponds to his own claim
frequency. Depending on the country, insurers will refer to these systems as: no-claim
discounts, experience-rated, personalized premiums, merit-rating systems, driving
penalty points or bonus-malus systems (BMS).
In the United Kingdom, discounts for claim-free driving have been awarded very
early at 1910 but their intention at that time was to induce the renewal of a policy with
the same company and not to reward careful driving. Grenander (1957a,b) through
his pioneering works was the first to provide theoretical treatments of bonus-malus
systems. The first ASTIN colloquium was held in France in 1959 and it was
exclusively devoted to no-claim discounts in insurance, with particular reference to
motor business.
Many countries around the world use various bonus-malus systems. A typical form of
no-claim bonus in the United Kingdom is defined as follows: An extra year of bonus
is earned by drivers for each year they remain without claims at fault up to a
maximum of four years, but two years bonus is lost each time they report a claim at
fault. In such a system, maximum bonus is achieved in only a few years and the
majority of mature drivers have maximum bonus.
In Continental Europe the bonus-malus systems that are used are often more
elaborate. Bonus-malus scales consist of a finite number of levels, each with its own
relativity or relative premium. Then the amount of premium that is paid by a
policyholder is the product of a base premium with the relativity corresponding to the
level occupied in the scale. New policyholders enter a specified level and according to
transition rules of the bonus-malus system, after each year the policy moves up or
down. If a bonus-malus system is in force, all policies in the same tariff class are
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partitioned according to the level they occupy in the bonus-malus scale. Hence, the
bonus-malus systems can be considered as a refinement of a priori risk evaluation as
according to individual past claims histories, they split each risk class into a number
of subcategories.
The mathematical definition of a bonus-malus system requires the system to be
Markovian., bonus-malus systems can be modelled using conditional Markov chains,
provided they possess a certain ‘‘memory-less’’ property: the knowledge of the
present class and of the number of claims of the present year suffices to determine the
class for the next year. More precisely, the Markov property is satisfied by the bonusmalus systems as follows: the future level of year t+1, depends on the present level of
year t and the number of accidents reported during that year and does not depend on
the past i.e. the claim history and the levels occupied during years 1,2,... ,t— 1. Thus,
we can determine the optimal relativities using an asymptotic criterion based on the
stationary distribution or using transient distributions. Nevertheless, the Markov
property is not satisfied for several BMS in force. Fortunately, in these cases a
subdivision of the bonus-malus classes can be used to analyze the systems within the
framework of the theory of finite Markov chains.
During the 20th century, a uniform bonus-malus system was imposed on all the
companies in most of the European countries. In 1994, the European Union directed
that the mandatory bonus-malus systems must be dropped by its entire member
countries because they were in contradiction to the total rating freedom implemented
by the Third Directive and as well the competition between insurers was reduced.
Since then, Belgium for instance, dropped its mandatory system but the former
uniform system is still applied by all companies operating there with minor
modifications for the policyholders who occupy the lowest levels in the scale.
However, in other European countries, like Spain and Portugal, insurers compete on
the basis of bonus-malus systems. Nevertheless, the mandatory systems in France and
Grand Duchy of Luxembourg are still in force as in 2004 the European Court of
Justice decided that both these mandatory systems were not contrary to the rating
freedom imposed by the European legislation. Thus, the French law still imposes on
the insurers operating in France a unique bonus-malus system which is not based on a
scale but instead uses the concept of an increase-decrease coefficient: a malus of 25 %
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per claim and a bonus of 5 % per claim-free year are implied, so a base premium is
assigned to each policyholder and it is adapted according to the claims number
reported to the insurer, multiplying by 1.25 the premium each time an accident at fault
is reported, and by 0.95 per claim-free year.
1.4.1 Tools for the evaluation of different bonus-malus systems
Due to the fact that regulatory environments in many countries are extremely
diversified, from total freedom to government-imposed systems, with many
intermediate situations, actuaries have developed tools for the evaluation of the
different bonus-malus systems in force around the world. Also, as the approach to
bonus-malus design depends on regulation more sophisticated BMS are expected in
heavily regulated countries. Furthermore, the comparison of BMS across countries
may prove to be interesting, because it allows insurers to evaluate how "severe" their
BMS is, compared to neighbors.
The main goal of the evaluation of BMS is to rank all systems according to an Index
of Toughness. Obviously, tough is not to be considered as a synonym of good or bad
and the ranking of all BMS according to their toughness does not imply any judgment
about their quality. Also, in all fairness to the different BMS, it must be noted that
they must be compared under the same hypotheses. For instance, Lemaire(1994)
compares thirty different systems, from twenty-two countries simulated, under the
Poisson assumption.
Four important measures of toughness that can be used for the comparison of the
different BMS across countries are the following:
·

The relative stationary average level (RSAL).
The RSAL is a measure of the degree of clustering of the policies in the lowest
classes of a BMS. It measures the position of the average driver once the BMS
has reached the steady-state condition as it relates the average simulated
premium level, once the BMS has reached the steady-state condition, to the
minimum and maximum levels. An evaluation of the treatment of new
policyholders is enabled by a simple comparison of the RSAL with the starting
level.
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·

The coefficient of variation of the insured’s premiums.
Insurance is practically a transfer of risk from the insured to the insurer. This
transfer is total, perfect solidarity, without experience rating. With experience
rating, according to the claims history of the policyholders, the personalized
premiums will vary from year to year and solidarity between policyholders is
weakened. Nevertheless, the variability of payments inherent in all experience
rating systems has been used by their critics who argue that it goes against
economic stability. The coefficient of variation (standard deviation divided by
mean) measures this variability of annual premiums and can be used to
evaluate the solidarity between the insureds. Also, because the coefficient of
variation is a dimensionless parameter there is no need for currency
conversions.

·

The elasticity of BMS.
The fact that almost all BMS in force around the world penalize the number of
claims, independently of their amount, has the important implication that the
risk of each driver can be measured by his individual claim frequency λ.It is
an indication that regulators and insurance companies of most countries seem
to accept it, at least as a good approximation.
The elasticity of BMS is a measure of the response of the system to a change
in the number of claims. For any reasonable BMS, the lifetime premiums paid
by policyholders should be an increasing function of λ. Finally, we should
mention that there are two versions of this measure: The asymptotic concept
that requires the calculation of the stationary probability class distribution of
the Markov chain and the transient concept that requires the calculation of the
discounted expectation of lifetime payments.

·

The average optimal retention.
Since the introduction of early BMS, a very well known side-effect of this
form of rating was the tendency of policyholders to pay small claims
themselves and not report them to their carrier in order to avoid future
premium increases.
The optimal strategy of the insured -the limiting claim amount, the retention,
under which he should indemnify his victims, and above which he should
report the accident to his company- depends on several factors. The most
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important of these factors are his present BMS class, his claim frequency, and
his discount rate. Lemaire (1994) provides as with an algorithm to compute
optimal retentions and introduces a currency conversion factor in order to
enable the comparison of the average optimal retention across countries.
The four measures of toughness mentioned above are positively correlated. A severe
BMS that penalizes claims heavily will exhibit high relative stationary average level,
high coefficient of variation of premiums, high elasticity, and high average optimal
retentions. Furthermore, factor analysis can be used to summarize the data and define
a single measure of toughness. By the use of a single principal component most of the
information contained in the data can be retained. A summary measure for the
evaluation of the severity of all systems an Index of Toughness can be defined by
scores and this first component. Also, by assigning standardized scores to each BMS,
all systems can be ranked according toughness.
1.4.2 Actuarial and economic justifications for bonus-malus systems
Another important issue is the actuarial and economic justifications for BMS.As we
have already mentioned, BMS, by taking into consideration the claims history of each
policyholder, allow premiums to be adapted for hidden individual risk factors and
promote careful driving. This holds by asymmetrical information between the
insurance company and the policyholders. It can be noticed that asymmetric
information appears in insurance markets when it is difficult for firms to judge the
riskiness of those who purchase insurance coverage and two aspects of this
phenomenon are adverse selection and moral hazard. Adverse selection arises when
the policyholders take advantage of the information about their claim behavior known
to them but unknown to the insurer. Nevertheless, in the context of compulsory motor
third party liability insurance, the problem of adverse selection is not as important as
the problem of moral hazard when the insurance companies charge the same premium
amount to every policyholder. In a deregulated environment with companies using
many risk classification factors things are even worst and we can’t avoid adverse
selection as very heterogeneous driving behaviors are observed among policyholders
who share the same a priori variables. For every related coverages, such as
comprehensive damages, adverse selection is always important.
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According to Rotschild and Stiglitz consideration about adverse selection, individuals
through the contract they choose may reveal their underlying risk, an important fact
when setting an adequate tariff structure. When unobservable heterogeneity occurs a
more comprehensive coverage is usually chosen by ‘risky’ agents and low risk
insurance applicants select high deductibles.
Also, a comparison between the approaches of economists' and actuaries' to
experience rating proves to be interesting. In order to counteract the efficiency which
occurs from moral hazard, the economists introduce discounts and penalties while
actuaries’ basic interest is to better assess the individual risk so that everyone will
pay, in the long run, a premium corresponding to his own claim frequency. Thus,
actuarial literature is more interested in adverse Section than moral hazard.
1.4.3 Optimal bonus-malus systems
A basic interest of the actuarial literature is the construction of an optimal or ‘ideal’
BMS defined as a system obtained through Bayesian analysis. The construction of an
optimal BMS is a form of statistical games between the actuary and the nature. A
BMS is called optimal if it is financially balanced for the insurer: the total amount of
bonuses must be equal to the total amount of maluses and if it is fair for the
policyholder: the premium paid for each policyholder is proportional to the risk that he
imposes to the pool.

Furthermore, Optimal BMS can be divided in two categories:
·

Those based only on the a posteriori classification criteria i.e. the
number of claims and the severity of claims. They are function of time
and of past number and amount of accidents

·

Those based both on the a priori and the a posteriori classification
criteria. This category, also takes into consideration the characteristics
of each individual such as the age variable.
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In both categories, the majority of the authors in actuarial literature designed
BMS based on the number of accidents disregarding their severity. In the first
category, BMS based on the a posteriori claim frequency component, we come
across the work of Lemaire (1995) who designed an optimal BMS based on the
number of claims of each policyholder, following the pioneer game-theoretic
framework by Bichsel and Bühlmann (1964). Each policyholder must pay a
premium proportional to his unknown claim frequency. The loss of the insurer
derives from the use of the estimated claim frequency instead of the true
unknown claim frequency and the estimate of the policy-holder’s claim
frequency that minimizes the loss incurred is the optimal one. Furthermore,
Lemaire considered the optimal BMS obtained using the quadratic error loss
function, the expected value premium calculation principle and the Negative
Binomial as the claim frequency distribution. Tremblay (1992) designed an
optimal BMS using the quadratic error loss function, the zero-utility premium
calculation principle and the Poisson-Inverse Gaussian as the claim frequency
distribution. Coene and Doray (1996) obtained a financially balanced BMS by
minimizing a quadratic function of the difference between the premium for an
optimal BMS with an infinite number of classes, weighted by the stationary
probability of being in a certain class and by imposing various constraints on
the system. Walhin and Paris (1997) obtained an optimal BMS using as the
claim frequency distribution the Hofmann’s distribution, which encompasses
the Negative Binomial and the Poisson-Inverse Gaussian, and also using as a
claim frequency distribution a finite Poisson mixture. In the second category,
BMS based on the a priori and the a posteriori claim frequency component, we come
across the work of: Dionne and Vanasse (1989, 1992) who designed a BMS that
integrates a priori and a posteriori information on an individual basis. This
BMS is a function of the years that the policyholder is in the portfolio, the
claims number and the individual characteristics, which are significant for the
number of accidents. So, as mentioned in Dionne and Vanasse (1989) by also
taking into consideration the characteristics of each individual, the premiums
vary simultaneously with other variables that affect the claim frequency
distribution. For example, let us suppose that the age variable has a negative
effect on the expected number of claims. This would imply that insurance
premiums should decrease with age, even though premium tables derived from
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BMS based only on the a posteriori criteria, do not allow for a variation of the
statistically significant variable of age. Picech (1994) and Sigalotti (1994)
developed a BMS that incorporates the a posteriori and the a priori
classification criteria, with a single a priori rating variable, the engine power.
Sigalotti derived a recursive procedure to compute the sequence of increasing
equilibrium premiums needed to balance out premiums income and
expenditures compensating for the premium decrease created by the BMS
transition rules. Picech constructed a BMS that approximates the optimal meritrating system using a heuristic method. Taylor (1997) developed a BonusMalus scale that uses some rating factors to recognize the differentiation of
underlying claim frequency by experience, but only to the extent that this differentiation is not recognized within base premiums. Pinquet (1998) designed an
optimal BMS from different types of claims, such as those at fault and those
not at fault.

The optimal bonus-malus systems mentioned above, assign to each policyholder a
premium based on the number of his accidents but the size of loss that each accident
incurred is not considered. This is unfair, because a policyholder who underwent an
accident with a small size of loss is penalized in the same way with a policyholder
who had an accident with a big size of loss. Actually, this is something that Lemaire
(1995) pointed out for the majority of bonus-malus systems in force throughout the
world, which penalize the number of accidents without taking into account their
severity. Korea is an exception because policyholders who had a bodily injury claim
pay higher maluses, depending on how severe the accident was, than the
policyholders who had a property damage claim.

Among the BMS that take severity into consideration are those designed from Picard
(1976) and Pinquet (1997). Picard (1976) in order to take into account the subdivision
of claims into two categories, small and large losses, generalized the Negative
Binomial model and in order to separate large from small losses, used two options: i)
A limiting amount under which the losses are regarded as small and the remainder as
large. ii) More severe penalization of the policyholders who had a bodily injury
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accident than those that caused property damage in order to subdivide those two
categories. Pinquet (1997) starting from a rating model based on the analysis of
number of claims and of costs of claims and adding two heterogeneity components, to
represent unobserved factors that explain the severity variables, designed an optimal
BMS which makes allowance for the severity of the claims. Furthermore, i) the costs
of claims were supposed to follow gamma or lognormal distribution, ii) the rating
factors, as well as the heterogeneity components were included in the scale parameter
of the distribution. ii) the heterogeneity was also considered to follow a gamma or
lognormal distribution and a credibility expression, which provides a predictor for the
average cost of claim for the following period was obtained.

1.5 Overview of the chapters 2 to 8

The study of optimal bonus-malus systems in automobile insurance using different
underlying approaches will be the subject of interest of the current thesis. In chapter 2,
following the work of Frangos and Vrontos (2001) we will present an optimal BMS
based on the a posteriori frequency and the a posteriori severity component under the
assumption that the number of claims is distributed according to the Negative
Binomial distribution and that the losses of the claims are distributed according to the
Pareto distribution. By the application of Bayes’ theorem, we will find the posterior
distributions of the mean claim frequency and the mean claim size, given the
information we have about the claim frequency history and the claim size history for
each policyholder for all the time that he stayed in the portfolio. Furthermore,
important a priori information for each policyholder is incorporated in the above design
of optimal BMS and a generalized BMS that is based both on the a priori and a posteriori classification criteria is proposed. In this generalized BMS the premium is a
function of the years that the policyholder was in the portfolio, his number of
accidents, the size of loss of each of these accidents and of the statistically significant
a priori rating variables for the number of accidents and for the size of loss that each
of these claims incurred.
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In chapter 3, based on the work of Mert and Saykan (2005) we will present an optimal
BMS that takes into account the claim frequency and one that takes into account both
the claim frequency and the claim severity. This time for modeling claim numbers, we
use a mixture of a Poisson and an Exponential distributions, the Geometric
distribution and for modeling claim amounts we use the Pareto distribution again. The
risk premium is calculated using the net premium principle, and the results are
obtained by using the claim number only and by using both the claim number and
claim amount.

In chapter 4 based on the work of Walhin and Paris (1997), which we have mentioned
earlier, we will construct an optimal BMS using as the claim frequency distribution a
three parameters distribution encompassing the Negative Binomial and the PoissonInverse Gaussian the Hofmann’s distribution. Furthermore, a non-parametric method,
that permits a simple formulation of the stationary and transition probabilities in a
portfolio, is proposed for the construction of an optimal BMS.

In chapter 5, our analysis is based on the fact that for the construction of optimal BMS
the distribution of the number of car accidents is frequently chosen within the “mixedPoisson” family. Following the work of Hulin and Justens (Banque Pictet-Luxembourg
HEFF/Cooremans Bruxelles) we will show the general properties of “mixed Poisson”
family distributions and we will give a unifying approach of several particular cases
including the geometrical, the P-Erlang, the Negative Binomial and the P-inverse
gaussian distributions. Also, in order to avoid the problem of adjustment that is the
thickness of the tails of the underlying distributions we will introduce a new family of
“mixed-Poisson”, built upon “fatty-tailed” underlying distributions, the “P-rational’’
distributions.

In chapter 6, we will present an alternative approach to BMS the Stochastic Vortices
Model based on the work of Guerreiro and Mexia (2004). We will develop the
Stochastic Vortices Model under the assumption that we have an open portfolio, i.e.,
we consider that a policy can be transferred from one insurance company to another
and that the new policies that constantly arrive into a portfolio can be placed not only
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in the “starting class” but into any of the bonus classes. The Stochastic Vortices Model
applies to populations divided into sub-populations which correspond to the transient
states of homogeneous Markov chains. Also, by using the limit state probabilities of
the Model we can estimate the Long Run Distribution for a BMS and calculate optimal
bonus-malus scales. Furthermore, since the Stochastic Vortices Model allows the
subscription and the annulment of policies in the portfolio it is an alternative approach
to the usual BMS model and the fact that the population is taken as open renders it
quite representative of the reality.

In chapter 7 for the first time in actuarial literature, we will propose a combination of
a Poisson- Inverse Gaussian distribution for modeling claim frequency and of a Pareto
distribution for modeling claim severity for the construction of an optimal BMS.
Using Bayes’ theorem we will calculate the posterior distributions of the mean claim
frequency and the mean claim size, given the information we have about the claim
frequency history and the claim size history for each insured. Optimality will be
obtained by minimizing the insurer’s risk. At this point, we should mention that we
will choose the Poisson- Inverse Gaussian distribution for modeling claim frequency
as an alternative to the Negative Binomial distribution, that is frequently used, based
on the fact that mixed Poisson distributions have thicker tails than the Poisson
distribution thus they provide a better fit to claim frequency data than the Poisson
distribution when the portfolio is heterogeneous. Furthermore, following Frangos and
Vrontos (2001) and Mert and Saykan (2005) we will choose the heavy-tailed Pareto
distribution for modeling claim severity because through the use of long tail
distributions apart from many small claim severities, high claim severities can also be
observed.
In chapter 8 we will present the conclusions of the current thesis. Finally, it should be
mentioned that since it was practically impossible to summarize all the creative work
of many researchers about the topic of optimal BMS we will attempt to give some
justice to them at the references in the end of the thesis.
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CHAPTER 2
DESIGN OF OPTIMAL BONUS-MALUS SYSTEMS WHERE THE CLAIM
FREQUENCY DISTRIBUTION IS NEGATIVE BINOMIAL AND THE CLAIM
SEVERITY DISTRIBUTION IS PARETO
2.1 Introduction
In chapter 2 we design an optimal BMS based both on the number of accidents of each
policyholder and on the size of loss for each accident incurred. Optimality is obtained
by minimizing the insurer’s risk. Furthermore, the a priori information we have for each
policyholder is incorporated in the above design of optimal BMS, so a generalized
BMS is proposed that takes into consideration the individual’s characteristics, his
claims frequency and his claims severity.
2.2 Design of optimal BMS with a frequency and a severity component based on the a
posteriori criteria
Under the basic assumption that the number of claims of each policyholder is
independent from the severity of each claim, we propose that the number of claims is
distributed according to the Negative Binomial distribution and that the losses of the
claims are distributed according to the Pareto distribution. Using Bayes’ theorem, we
will find the posterior distributions of the mean claim frequency and the mean claim
size, given the information we have about the claim frequency and claim size history for
each policyholder. Optimality is obtained by minimizing the insurer’s risk.
2.2.1 Frequency component
For the frequency component we use the same structure used by Lemaire (1995).
Under the assumptions that the portfolio is heterogeneous and that all policyholders
have constant but unequal underlying risks to have an accident, the number of claims
k, given the parameter λ,is considered to follow the Poisson(λ) distribution,
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κ= 0,1,2,3,... and λ > 0 and λ denotes the different underlying risk of each
policyholder to have an accident. For the structure function, it is assumed that λ
~ gamma (α, τ) and λ has a probability density function of the form:
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, l > 0, a > 0,t > 0
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with E(λ)= α/τ and Vα r (λ) = α/τ2. Then it can be proved that the unconditional
distribution of the number of claims k will be the Negative Binomial (α,τ), with
probability density function:
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With E(k) = α/τ and Vαr (k) = (α/t) (1 + 1/τ). A desirable property of this distribution is
that its variance exceeds its mean, something which is common for all mixtures of
Poisson distributions and allows us to deal with data that present overdispersion.
For K=∑

the total number of claims that a policyholder had in t years, with ki

the number of claims that the policyholder had in the year i, i = 1,...,t.

using the

Bayes’ theorem we obtain the posterior structure function of λ for a policyholder or a
group of policyholders with claim history k1,....kt,

u (l | k1 ,..., kt ) =

(t + t ) K +a × l K +a -1 × e - (t +t ) l
G(a + K )
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and that is the probability density function of a gamma(α + K,t + τ). Using the
quadratic error loss function the optimal choice of λt+1 for a policyholder with
claim history k1, ....kt will be the mean of the posterior structure function, that
is:
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Finally, an update of the parameters of gamma, from α and τ to α + K and t + τ
respectively, is necessary due to the occurrence of K accidents in t years.

The

gamma has the important property of the stability of the structure function as it is a
conjugate family for the Poisson likelihood.
2.2.2 Severity component
Denote as x the size of the claim of each insured and as y the mean claim size for each
insured and assume that the conditional distribution of the size of each claim given the
mean claim size x|y, for each policyholder is the exponential distribution with
parameter y with a probability density function given by:
x

f(x|y) =

1 -y
×e
y

for x > 0 and y > 0. E(x| y)=y and var(x y) = y2. The mean claim size y takes different
values and is not the same for all the policyholders. Thus, it is considered that the
prior distribution of y is Inverse Gamma with parameters s and m and probability
density function given by (see
for example Hogg and Klugman (1984)):
m
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The expected value of the mean claim size y is :

E ( y) =

m
s -1

The unconditional distribution of the claim size x is:

¥

P(X=x)= ò f(x|y) × g ( y )dy =
0

= s × m × ( x + m)
s

- s -1

the probability density of the Pareto distribution with parameters s and m. Thus Pareto
distribution can be generated in the following way: if x|y ~ Exponential(y) and y ~
Inverse Gamma(s,m) then x ~ Pareto(s,m). So the relatively tame exponential
distribution gets transformed in the heavy-tailed Pareto distribution, which is good for
modeling the claim severity instead of the exponential distribution which is often
inappropriate. Taking y distributed according to the Inverse Gamma, heterogeneity
that characterizes the severity of the claims of different policyholders is incorporated
in the model. Such a generation of the Pareto distribution can be found in Herzog
(1996) and in other actuarial papers but Frangos and Vrontos (2001) are the first who
used it in the design of an optimal BMS.
Then the posterior distribution g(y| , … ,

) is calculated in order to design an

optimal BMS that will take into account the size of loss of each claim. Denote for a
policyholder that was in the portfolio for t years:
1. K=∑

the total number of claims that he had

in t years with ki the number of claims that the policyholder had in the year i,

i = 1,...,t.
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2. The vector x1, x2, ..., xk

his claim size history and

K

åX
k =1

k

his total claim amount.

Applying Bayes’ theorem:

m+

1

×e

-

K

å xk
k =1

y

æ
ö
ç m + å xk ÷
k =1
ø
g ( y | x1 ,..., xk ) = è
K + s +1
æ
ö
ç
÷
y
ç
÷
× G( K + s )
K
çm+ x ÷
å
k ÷
ç
k =1
è
ø
K

the posterior distribution of the mean claim size y given the claims size history of the
policyholder x1, ..., xk and it is the Inverse Gamma(s + K, m+∑

). This update of

the parameters of the Inverse Gamma from s and m to s+K and m+∑

is

necessary due to the occurrence of K claims in t years with aggregate claim amount
equal to ∑

. Also Inverse Gamma distribution is said to have the important

property of being conjugate with the exponential likelihood. Finally, the mean of the
posterior distribution of the mean claim size is:

K

E(x | y) =

m + å xk
k =1

(2)

s + K -1

and the predictive distribution of the size of the claim of each insured x will be
also a member of the Pareto family.
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2.2.3 Calculation of the Premium according the Net Premium Principle
For a specific group of policyholders who stayed in the portfolio for t years and had K
claims with ∑

total claim amount , the expected number of claims λt+1(k1, ...,

kt) ,was given by (1) and the expected claim severity yt+1(x1, ..., xK) by (2).Thus:

K

Pr emium =

m + å xk

a+K
k =1
×
t +t s + K -1

(3)

the net premium that must be paid from that specific group of policyholders and in
order to find it we have to know:

1. α and τ , the parameters of the Negative Binomial distribution, (see Lemaire (1995)
for their estimation)
2. s and m the parameters of the Pareto distribution (see Hogg and Klugman (1984)
for their estimation)
3. the number of years t that the policyholder was in the portfolio,
4. his number of claims K and his total claim amount

K

åx
k =1

k

2.2.4 Properties of the Optimal BMS with a frequency and a severity component
·

The system is fair. Through the Bayes’ theorem, each insured is informed both
for the number and the loss of his claims the time that he is in the portfolio and
thus the premium he pays is proportional to his claim frequency and his claim
severity. We use the exact loss xk that is incurred from each claim in order to
have a differentiation in the premium for policyholders with the same number of
claims, not just a scaling with the average claim severity of the portfolio.
Frangos and Vrontos (2001)
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·

The system is financially balanced. Every year the average of all premiums
collected remains constant and equal to

P=

a m
t s -1

(4)

·

Same premium , equal to(4),for all policy holders in the beginning .

·

Premium increases proportionally to the number and to the severity of the
claims.

·

Premium always decreases when no accidents occur.

·

Phenomenon of bonus hunger will decrease and the estimate

the

actual claim frequency will be more accurate, because claims with small
cost will be reported, as claim severity is taken into consideration.
·

The introduction of the severity component is more crucial than the
number of claims for the insurer since it determines the expenses of the
insurer from the accidents and thus the premium that must be paid.

·

The mean of severity is not always robust and can be affected by
variation. So in practice a more robust estimator could be used. (i.e.
cutting of the data, M-estimator).

2.3 Design of optimal BMS with a frequency and a severity component based both on
the a priori and the a posteriori criteria
Dionne and Vanasse (1989, 1992) presented a BMS that integrates risk classification
and experience rating based on the number of claims of each policy-holder. We
extend this model proposing a generalized BMS that integrates a priori and a
posteriori information on an individual basis based both on the frequency and the
severity component. One of the reasons for this development is that premiums should
vary simultaneously with the variables that affect the distribution of the number of
claims and the size of loss distribution. Frangos and Vrontos (2001).
Denote as GBMF the generalized BMS obtained when only the frequency
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component is used and as GBMS the generalized BMS obtained when only the
severity component is used The premiums of the generalized BMS will be
derived using the following multiplicative tariff formula:
Premium = GBMF * GBMS

(5)

2.3.1 Frequency Component

We will obtain the GBMF by using the same structure used by Dionne and Vanasse
(1989, 1992). For an individual i with an experience of t periods assume that the
number of his claims K i j for period j follows the Poisson distribution with parameter

li j and K i j are independent. Then the expected number of claims of i for period j is
denoted by li j and consider that it is a function of the vector cij = (cij,1 ,..., cij,h ) of h
individual’s characteristics, which represent different a priori rating variables.

li j = exp(cij b j ) , non-negativity of li j is implied from the

Specifically assume that

exponential function, β j is the vector of the coefficients. The probability specification
becomes:

P ( Ki j = k ) =

e-

(

exp cij b j

) exp c j b j
(i )

(

)

k

k!

For the determination of the expected number of claims, it is assumed that enough
information is provided by the h individual characteristics. Using maximum
likelihood methods the vector of the coefficients β j can be obtained, an application
can be found in Haus-mann, Hall and Griliches (1984). However, a random variable εi
has to be introduced into the regression component if it is assumed that the a priori
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rating variables do not contain all the significant information for the expected number
of claims. Folowing Gourieroux, Montfort and Trognon (1984a), (1984b), it can be
written:

li j = exp(cij b j + ei ) = exp(cij b j )ui

and ui = exp(

), for a random li j . If ui follows a gamma distribution with E (u1 )=1

and Var(ui )=1/a, it can be proved that this parameterization does not affect the results
if there is a constant term in the regression and the probability specification becomes:

j
j
G(k + a ) é exp ( ci b ) ù
j
ê
ú
P ( Ki = k ) =
k !G(a ) ê
a
úû
ë

k

é exp ( ci j b j ) ù
ê1 +
ú
a
êë
úû

- ( k +a )

negative binomial with parameters α and exp(cij b j ) . E(ui )= 1 is chosen in order to
have E(ei )= 0 and then

é exp ( cij b j ) ù
ú
E ( K i ) = exp ( ci b ) , Var ( K i ) = exp ( ci b ) ê1 +
a
êë
úû
j

j

j

j

j

j

See Lawless (1987), Gourieroux, Montfort and Trognon (1984a) and Gourieroux,
Montfort and Trognon (1984b) for more on the Negative Binomial regression. The
insurer using past information over the t periods of claim frequency and of known
individual characteristics over the t+1 periods has to calculate the best estimator of the
expected number of accidents at period t + 1,denoted as
^ t +1

l i ( Ki1 ,..., Kit ; ci1 ,..., cit +1 )
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For a policyholder with claim history K i1 ,..., K it and c1i ,..., cit +1 characteristics using
Bayes theorem the posterior structure function is gamma with updated parameters:

t

a +åKi ,
j

j =1

a
+t
exp(cij b j )

and using the quadratic loss function the optimal estimator is:

^

l t +1 ( K i1 ,..., K it ; ci1 ,..., cit ) =
¥

= ò lit +1 ( K it +1 , ui ) × f (lit +1 | K i1 ,..., K it ; ci1 ,..., cit ) d lit +1 =
0

t
é
ù
Kij ú
+
a
å
ê
t
1
j =1
ú
= å exp ( cij b j ) ê
t j =1
ê a + t exp ( ci j b j ) ú
ê
ú
ë
û

Notes:
t

1. å K i is the total number of claims in t periods of policyholder i.
j

j =1

^1

2. For t=0, l i º exp(cij b j ) only a priori rating is used in the first period.
3. When a regression component is limited to a constant b 0 ,the univariate model
without a regression component is obtained Lemaire (1995), Ferreira (1974).
Now we will deal with the generalized bonus-malus factor obtained when the severity
component is used. It will be developed in the following way.
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2.3.2 Severity Component
Here we obtain the generalized bonus-malus factor with the use of the severity
component. For an individual i with an experience of t periods, assume that the
number of his claims for period j is denoted as Kij , his total number of claims is
denoted as K and the loss incurred from his claim k for the period j is denoted as X i ,jK
.
Then, the vector Xi,1, Xi,2, ..., Xi,K, is the information we have for his claim size history
and the total claim amount over the t periods in the portfolio for the policyholder will
be

K

åX
k =1

i ,k

.It is assumed that X i ,jK an exponential distribution with parameter yij .The

cost for the insurer, is different for each policyholder because the expected claim
severity is not the same for everyone. Thus, it is fair for each policyholder to pay a
premium proportional to his mean claim severity It is considered that the expected
claim severity is a function of the vector of the h individual’s characteristics,

di j = (di j,1 ,..., di j,h )

which represent different a priori rating variables. More

specifically it is assumed that yij = exp( di j g j ) where yij

denotes the mean or the

expected claim severity of a policyholder i in period j and γ is the vector of the
coefficients. The probability specification becomes:
x

P( X

j
i ,K

1
exp( di j g j )
= x) =
×
e
j j
exp(di g )

, non-negativity of yij is implied from the exponential function.
It is assumed that enough information is provided by the h individual characteristics
for determining the expected claim severity. However a random variable zi has to be
introduced into the regression component, if one assumes that the a priori rating
variables do not contain all the significant information for the expected claim
severity. Thus it can be written:
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yij = exp( d i j g j + ei ) = exp( di j g j ) wi

And wi = exp(

), for a random yij . If

distribution with E (

)=1 and Var(

wi follows an inverse gamma(s,s-1)
1
,s>2 then yij follows an inverse
s-2

)=

gamma(s,(s-1) exp(cij g j ) ) and the probability specification for X i ,jK becomes:

P ( X i ,jk = x ) = s × ëé( s - 1)exp ( di j g

j

)ùû . ( x + (s - 1)exp ( d g ) )
s

j

j

- s -1

i

Pareto distribution with parameters s and (s-1) exp(cij g j ) .The above parameterization
does not affect the results if there is a constant term in the regression. E (

)=1 is

chosen in order to have E(zi) = 0. We also have:

é( s - 1) exp ( di j g
j
j j
j
E ( X i , k ) = exp ( d i g ) ,Var ( X i , k ) = ë
s -1

j

)ùû

2

1 ö
æ 2
ç
÷
è s - 2 s -1ø

The insurer using past information over the t periods of claim severity and of known
individual characteristics over the t+1 periods has to calculate the best estimator of
the expected amount of accidents at period t + 1,denoted as
^ t +1

Ù

y i ( X i ,1 ,..., X i , K ; di1 ,..., d it +1 )

For a policyholder with claim sizes X i ,1 ,..., X i , K in t periods and characteristics
di1 ,..., dit +1 using Bayes theorem the posterior distribution of the mean claim severity is

inverse gamma with updated parameters:
K

s+K and ( s - 1) exp(di j g j ) + å X i ,k and using the quadratic loss function the optimal
k =1

estimator of the mean claim severity is:
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yˆit +1 ( X i ,1 ,.., X i , K ; di1 ,..., dit +1 ) =
¥

= yit +1 ( X it +1 , wi ) f ( yit +1 | X i ,1 ,.., X i , K ; di1 ,..., dit +1 ) dyit +1 =
t

= ò (s - 1) 1t å exp ( di j g
0

j

j =1

K

)+åX
k =1

i ,k

s + K -1

^1

Note: If t=0, only a priori rating is used in the first period, it is yi = exp( di1g j )
.
2.3.3 Calculation of the Premiums of the generalized BMS
From (5):
Premium = GBMF * GBMS =
t
é
a
K ij
+
å
ê
t
1
j=1
= å exp(cij b j ) ê
t j= 1
ê α+t exp(cij b j )
ê
ë

K
1 t
ù
j j
d
X i ,k
(s-1)
exp(
g
)
+
å
å
i
ú
t j= 1
k= 1
ú
s+K-1
ú
ú
û

(6)

The number of years t that the policyholder is in the portfolio, his total number of
accidents in t years and his aggregate claim amount in t years must be known.
For the frequency component of the generalized BMS, the dispersion parameter α and
the vector β i.e. the parameters of the negative binomial regression model, can be
estimated with the maximum likelihood method.
For the severity component of the generalized BMS, s and γj can be estimated by
using the quasi-likelihood and according to Renshaw (1994), who uses as a modeling
tool for the study of the claim process in the presence of covariates the generalized
linear models. Based on the concepts of quasi-likelihood and extended quasilikelihood, Renshaw pays attention to the variety of probability distributions that are
available and to the parameter estimation and model fitting techniques that can be
used for the claim frequency and the claim severity process.( For further information
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on this, confer to Frangos and Vrontos (2001) ).
2.3.4 Properties of the Generalized BMS
·

It is fair .It takes into account the number of claims, the claim severity
and the significant a priori rating variables for the the number of claims
and for the claim severity for each policyholder.

·

It is financially balanced for the insurer. Each year the average premium
will be equal to

P= exp(cit +1 b t +1 ) exp(d it +1g t +1 )

·

(7)

All the properties for generalized BMS without the a priori rating variables
hold for this BMS as well. Policy-holders with the same characteristics are
paying the same premium equal to (7) in the beginning.

·

Premium increases proportionally to the number and to the severity of the
claims.

·

Premium always decreases when no accidents occur.

·

Phenomenon of bonus hunger will decrease by this generalized BMS

·

The introduction of the severity component is more crucial than the
number of claims for the insurer.

·

Premiums vary with the variables that affect the distributions of claims
number and severity.

.
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CHAPTER 3
DESIGN OF AN OPTIMAL BONUS-MALUS SYSTEM WHERE THE CLAIM
FREQUENCY DISTRIBUTION IS GEOMETRIC AND THE CLAIM SEVERITY
DISTRIBUTION IS PARETO
3.1 Introduction
In chapter 3, under the assumptions that the claim number follows a Geometric
distribution and that the size of the claims follows a Pareto distribution, we will
design both the classical optimal bonus-malus system, under which the premium that
is assigned to each policyholder is based only on his claims number neglecting their
size, and an optimal bonus-malus system, under which the premium is set by taking
into account both the frequency and the severity of the claims.
3.2 Design of optimal BMS based on the frequency component
Mixed Poisson distributions have thicker tails than the Poisson distribution, thus they
provide a better fit to claim frequency data than the Poisson distribution when the
portfolio is heterogeneous i.e. all policyholders will have a constant but unequal
underlying risk of having an accident. That is, the expected number of claims differs
from policyholder to policyholder. In chapter2, we used a Negative Binomial
distribution for modeling claim frequency, for the same job, in this chapter we will
use the Geometric distribution - which is a mixture of a Poisson and an Exponential
distributions.
For a heterogeneous portfolio, it is assumed that the number of claims k, given the
parameter λ, is considered to follow the Poisson (λ) distribution:

l k -l
pl (k | l ) =
e
k!
k =0,1,2,3,… and

(1)
λ>0 where

λ denotes the different underlying risk of each

policyholder to have an accident. Also it is assumed that λ~Exponential (θ), so:
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u (l ) = q e-ql , l > 0

(2)

From (1), (2) it can be proved that the unconditional distribution of the number of
claims k will be a Geometric distribution:

¥

P(k)=

ò Pλ (k | l )u(l )d l =
0

If K=∑

¥

e - l l k - lq
k +1
ò0 k ! q e d l = ... = q (1 + q ) , k = 0,1, 2,...

(3)

is the total number of claims that a policyholder had in t years, with ki

the number of claims that the policyholder had in the year i, i = 1,...,t. Then, for a
given λ, the conditional distribution of K is :

P(k1 , k2 ,..., kt | l ) =

el t l K

(4)

Õ i=1 ki !
t

From (3), (4) and by applying the Bayes’ theorem, the posterior structure function of
λ for a policyholder or a group of policyholders with claim history k1,....kt, is obtained
in the following way:

U (l | k1 , k2 ,..., kt ) µ P ( k1 , k2 ,..., kt | l )U (l ) µ e - lt l K e - lq µ e- l ( t +q ) l K

¥

If, for a constant,

- l ( t +q ) K
l d l = 1 then A =
ò Ae
0

(t + q )K +1 - l ( t +q ) K
U (l | k1 , k 2 ,..., kt ) =
e
l ,l > 0
G(K + 1)

48

(t + q )K +1
G(K + 1)

(5)

The optimal choice of λt+1 for a policyholder with claim history k1, ....kt is obtained by
the use of the quadratic error loss function and it will be the mean of the posterior
structure function, that is:

^

l t +1 =

K +1 _ K +1 _ 1
= l _ ,l =
t +q
q
t l+ 1

(6)

3.2.1 Calculation of the Premium according the Net Premium Principle

If, only the claims number is taken into account to set the premium, then assuming
that at time t=0 the initial premium is 100, the premium at time t+1 is:

Pr emium = 100

K +1

(7)

_

t l+1

3.3 Design of optimal BMS with a frequency and a severity component based on the a
posteriori criteria
For modeling claim frequency, we proposed that the number of claims is distributed
according to the Geometric distribution For modeling claim severity we will use the
Pareto Distribution (Exponential-Gamma mixture) like we did in chapter 2.Actually,
in many actuarial papers long tail distributions are used to model claim severity
because in addition to many small claim severities, high claim severities can also be
observed.
Next, let us consider a quick review of the Pareto distribution for modeling claim
amount. Assume that the amount of the claim of each insured x is distributed
according to the Exponential distribution with a given parameter y- the mean claim
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size for each insured and assume that y ~ IG(m,s) as y is not the same for all
policyholders Then x|y is the exponential distribution with parameter y. Thus it can be

prove that if x|y ~ Exponential(y) and y ~ Inverse Gamma(s,m) then x ~
Pareto(s,m).Then, by applying Bayes’ theorem we obtain the posterior distribution of
the mean claim size y given the claims size history of the policyholder x1, ..., xK and it
is the I G(s + K, m+∑

).Using the quadratic loss function we obtain:

K

^

y t +1 =

m + å xk
k =1

(8)

s + K -1

,optimal choice of yt +1 the mean of the posterior distribution of the mean claim size.
3.3.1 Calculation of the Premium according the Net Premium Principle
If the claims number and the claims amount is taken into account to set the premium,
then, for a policyholder with claim frequency history k1 , k2 ,..., kt and claim severity
history x1, ..., xK , from (6) and (8) ,using the net premium principle the premium at
time t+1 is:
K

Pr emium =

m + å xk

K +1
k =1
.
×
t + q s + K -1

Finally, as in chapter 2, it should be mentioned that optimal BMS based on the claim
frequency and claim severity component differentiates the premiums according to the
claim severity and thus it is fairer for the policyholders.
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CHAPTER 4:
USING MIXED POISSON PROCESSES IN CONNECTION
WITH BONUS-MALUS SYSTEMS
4.1 Introduction
In this chapter, we propose a parametric method encompassing those encountered in
the literature for the construction of BMS. Furthermore, this parametric method is
compared with a non-parametric one that permits a simple formulation of the
stationary and transition probabilities in a portfolio for the construction of a BMS
with finite number of classes
The number of car accidents is Poisson distributed for each risk in the portfolio which
is heterogeneous, the frequency of the risks differs from each other and it is assumed
to follow a random variable.
·

N(t) is the number of claims in (0,t]

·

P(k , t ) = Pk (t ) = P[ N (t ) = k ] is the probability that a risk causes k accidents in
t years we have

P(k , t | L) = e
¥

Pk (t ) = ò e - lt
0

-Lt

( Lt ) k
k!

(1)

(l t ) k
dU (l )
k!

(2)
,Λ is a r.v. with cumulative density function U(λ).
Lemaire (1985) used a Gamma distribution for Λ, so N(t) followed a Negative
Binomial distribution and the construction of a BMS was easy. Tremblay (1992)
used the Inverse Gaussian distribution for Λ thus N(t) followed a Poisson Inverse
Gaussian distribution. In this setting, the construction of a BMS is complicated
needing for example the use of modified Bessel functions which is in fact
unnecessary.
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Here, as we have already mentioned, we will use a more general parametric
distribution and a non-parametric distribution to fit an automobile portfolio and we
will construct a BMS using the Bayes theorem and the form of the mixed Poisson
distribution.

·

Properties that will be used:

M N (t ) (s) = P(0, t - tes )

(3)

M L ( s ) = P(0, - s)

(4)

, M X = E[e sC ] is the moment generating function of X.
The claim number N(t) is a pure birth process, so the estimation of the intensity of the
process
E[ N (t + 1) - N (t ) | N (t )]

needs data reported on a long period of time. This is not always the case in practice
and the model designed by Walhin and Paris (1999) ,allows the estimation of the
intensity and the construction of a tarification based only on the total number of
claims . This system is comparable to a BMS with an infinite number of classes. Also,
because the process is stationary:
EE[ N (t + 1) - N (t ) | N (t )] = EN (1)

i.e. the system is at the equilibrium which is not the case with the BMS we come
across in practice.

4.2 Parametric estimation
A three parameters distribution is used, encompassing the Negative Binomial and the
Poisson Inverse Gaussian distributions. This is Hofmann’s distribution (Hofmann
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(1955)), that has also been discussed by Kestemont and Paris (1985). Hofmann’s
distribution is based on a model that is verified on the data that Walhin and Paris
(1999) are studying i.e. Poisson distribution rejected, infinite divisibility, Shaked
theorem thus it leads to an excellent fit.
Hofmann’s distribution is defined as follows:

P(0, t ) = e -q (t )

P(k , t ) = (-1) k

q ¢(t ) =

t k (k )
P (0, t ) , k=1,2,…
k!

p
, p>0, c>0, α≥0
(1 + ct ) a

q (0) = 0
By integration,

q (t ) = pt if α=0

q (t ) =

p
ln(1 + ct ) if α=1
c

q (t ) =

p
é (1 + ct )1-a - 1ùû else
c (1 - a) ë

the following distributions are encompassed: Poisson (a = 0), the Negative Binomial
(a = 1) and the Poisson Inverse Gaussian (a = ).

Panjer's algorithm (Panjer (1981)) is used to write a recursion for the probabilities of
N{t).That is because N(t) can be interpreted as a Compound Poisson distribution
due to the use of infinite divisibility arguments (for more details refer to Maceda (1948),
Feller (1971), Kestemont and Pans (1985).
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P(0, t ) = e -q (t )

pt
(k + 1) P(k + 1, t ) =
(1 + ct ) a

i

G(a + i) æ ct ö
å
÷ P(k - i, t )
t ç
i = 0 G( a )i è 1 + ct ø
k

(5)

N(t) has mean and variance:
E ( N (t )) = pt
V ( N (T)) = pt + pcat 2

The loglikelihood to be maximized is:

¥

l ( p, c , a ) = å N i ln { P (i,1)}
i =0

, for N i the number of policies with i claims.
Eˆ ( N (1)) = pˆ = N , where N is the experimental mean (for more see Hurlimann

(1990)).The other two parameters cˆ, aˆ are estimated by a numerical maximization.
4.3 Non-parametric estimation
Here, a mixed Poisson distribution is used for which we don't specify a
parametric distribution U(λ) for Λ,unlike the parametric case that a u function
has been chosen which remained to estimate the parameters.
We will attain the maximum likelihood estimate of U for a discrete distribution
function U(λ) with a maximum number m of growing points (for more see
Simar (1976)).

The probabilities P ( k , t ) are given by:
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m

P(k , t ) = å p j e
j =1

m

and

åp
j =1

j

- l jt

(l j t ) k

(6)

k!

= 1 , p j ³ 0 ∀ j and m , the number of support points, i.e. the number of

homogeneous classes of risks.

In the sequel it is supposed that: 0 £ l1 < l2 < ... < lm .

An algorithm for the calculation of the non-parametric maximum likelihood
estimators for an automobile portfolio is provided by Simar (1976).
Nevertheless, the algorithm does not converge certainly to the global maximum
because the loglikelihood is not concave everywhere and Simar (1976), in his
numerical example, did not verify the valid property for all non-parametric
mixtures of the exponential family (see Lindsay (1995)).
If N is the maximum number of claims per risk:
Eˆ ( N ) = N

(7)

We can also find the maximum likelihood using a Newton-Raphson technique and
simplify the procedure by reducing the number of parameters to be estimated due to
property (7).
For the number of mass points m, it has been shown by Simar (1976) that, the
maximum likelihood estimator can be unique under the following conditions:

æ é N + 2ù ö
m £ min ç q, ê
ú ÷ if
è ë 2 ûø

=0
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æ é N + 1ù ö
m £ min ç q, ê
ú ÷ if
è ë 2 ûø

>0

, q is the number of classes for which the observation is different from 0.

At this point, we should mention that the maximum likelihood method we have
described gives more information than the good guy bad guy model of Lemaire
(1985). That is because it gives us the number of mass points needed to have the
highest likelihood while Lemaire’s model imposes two mass points. Also, the nonparametric case gives a physical interpretation of the heterogeneity of the portfolio
Finally, in Walhin’s and Paris’s portfolio the fit is excellent ( Chi-Square statistic is
0.1245 with 6 classes and the fit is excellent because there are 5 free parameters for 7
classes Note that the distribution is not infinitely divisible in this case. For more see
Walhin and Paris(1999) ).

4.4 Optimal bonus-malus systems

Bonus- malus systems depend on the history of the claims k1 , k2 ,..., kt caused by the
policyholder, in this model it is sufficient to consider the total number of claims
K=∑

without reference to their history:

du (l | N (t ) - N (t - 1) = kt ,...., N (1) - N (0) = k1 )
=

=

P( N (t ) - N (t - 1) = kt ,...., N (1) - N (0) = k1 | l ) dU (l )
P( N (t ) - N (t - 1) = kt ,...., N (1) - N (0) = k1 )
e - lt l h
dU (l )
P ti =1 ki
¥

e - lt l h
ò0 P ti =1ki dU (l )
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For the first year, the premium is an a priori premium because there is no information
concerning the risk:
E(N(1)) = E(Λ)

For the year t the information which consists in the number of accidents during the
first t years is taken into account, because the history of the accidents is unimportant,
and the premium is:

E[ N (t + 1) - N (t ) | N (t ) = K ] = E (L | N (t ) = K )
K + 1 P( K + 1, t )
=
t
P( K , t )

In the binomial negative case, this expression can be reduced and it is simpler to use
than the formulae derived by Tremblay (1992) for the particular case of the Poisson
Inverse Gaussian distribution more specifically it can be written as:

p + Kc
1
K ct
= p
+
1 + ct
1 + ct t 1 + ct

Depending on K and t, a bonus-malus table can be constructed assuming that the first
premium paid is 100, with:

100 K + 1 P( K + 1, t )
E (L) t
P( K , t )

(8)

4.4.1 Properties of the Optimal BMS

57

·

The system is financially balanced. Every year:
¥

å P( K , t )E (L | N (t ) = K ) = E(L)

"t

K =0

·

Premium always increases when more accidents occur
E ( L | N (t ) = K + 1) > E ( L | N (t ) = K )

"t , k ( proof by Cauchy-Schwartz

inequality)
·

Premium decreases when no more accidents occur:
d
E ( L | N (t ) = K ) £ 0 " t , k
dt

( proof by Cauchy-Schwartz inequality)

4.5 Bonus- malus system for loaded premiums

With the principle of zero ut ilit y we can construct a BMS for charged premiums, as
Lemaire (1985) and Tremblay (1992), using an exponential ut ilit y function:

u ( x) =

1
(1 - e- g x ) , g > 0
g

The a priori premium by the use of (3) and (4) can be written (see Gerber (1979)):

P=

1
ln E[eg N (1) ]
g
=

1
ln E[e wL ] , w = eg - 1
g

58

The a posteriori premium can be calculated like in the previous section:

P=

1
ln E[e wL | N (t ) = K ]
g

=

¥
K
ü
1 ì 1
wL - l t ( l t )
e
e
dU (l )ý
ln í
ò
K!
g î P( K , t ) 0
þ

=

1 ïìæ t ö P ( K , t - w) üï
ln í
ý
P ( K , t ) ïþ
g ïîçè t - w ÷ø
K

A bonus-malus table can be constructed, by normalizing assuming that the first
premium paid is 100, with:

100

ìïæ t ö K P( K , t - w) üï
ln íç
ý
÷
îïè t - w ø P ( K , w) þï
ln {P(0, - w)}

, for w = eg - 1

(9)

4.6 Notes
4.6.1 Parametric Case
Walhin and Paris used the expected value principle to obtain the optimal BMS table
with the Hofmann fit and it is comparable with Lemaire's (1985) and Tremblay's
(1992) (for more see Walhin and Paris (1999) ).
Due to the form we chose for q ¢(t ) we will always have:
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lim E ( L | N (t ) = 0) = 0
t ®¥

and
lim E ( L | N (t ) = K ) = 0 "K
t ®¥

This is related to the observation that when the frequency is low most of the drivers
are in the cheapest class .Also, because the convergence to 0 is attained by far after
the mean driving time, in practice there is no way for a driver to pay a premium equal
to zero. Nevertheless, the problem could be solved by adding a constant premium in
our model:

q ¢(t ) = d +

p
(1 + ct ) a

(10)

From (10), the driver always pays a minimum premium d because the premium
has the following asymptotic behavior:
lim E ( L | N (t ) = K ) = d "K
t ®¥

We should also mention that for typical automobile portfolios the following property
seems valid:

d2
E (L | N (t ) = K ) ³ 0 "K
dt 2

Finally, the optimal BMS tables for loaded premiums, obtained with the zero-utility
principle by Walhin and Paris, are also comparable with Lemaire's (1985) and
Trcmblay's (1992) even for unreasonable values of γ (for more see Walhin and Paris
(1999) ).
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4.6.2 Non- Parametric Case
The formulae (8) and (9) can be rewritten as:
m

(8) =

100
E (L )

åp e
j =1

-l jt

l j K +1

j

m

åp e
j =1

(11)
-l jt

j

lj

K

m

(9) =

100
ln {P (0, - w)}

åp e
j =1
m

- l j ( t - w)

j

åp e
j =1

-l jt

j

ljK
(12)

ljK

The asymptotic behavior of the BMS tables constructed by J.F. Walhin and J.Paris
with the non- parametric fit, can be described as follows:

If l1 > 0

lim(11) = min l j

100
E ( L)

lim(12) = min l j

w
ln P(0, - w)

t ®¥

t ®¥

lj

lj

If l1 = 0

lim(11) = min l j
t ®¥

l j >0

100
if K > 0
E ( L)
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=0

lim(12) = min l j
t ®¥

l j >0

if K = 0

w
if K > 0
ln P(0, - w)

=0

if K = 0

We must point out that there is a great difference between the BMS tables constructed
with the non- parametric fit and the parametric case tables. More specifically, the
discontinuity of Λ is reflected and that gives the BMS table a curious comportment
with local almost constant premiums. The same comments hold for the charged
premium BMS table. We have these results for the non-parametric method because
the estimation of the distribution function u of the random variable Λ is based only on
the observation of N(l). Even if the observation has a longer period, the trouble
remains and that is because, due to the fact that the frequency is low, the number of
points on increase of u is always low and the number of classes of risks is low. (for
more see Walhin and Paris (1999) )
So, for the construction of a BMS table, the parametric approach should be preferred
because of it s 'continuity. However, the non-parametric fit is interesting for the
evaluation of the mean of difficult functions of Λ over the portfolio because
complicated numerical integration is replaced by a short summation.

4.7 The stationary and transient distributions of the policyholders in a BMS with
finite number of classes

As we have seen, the non-parametric model was too discontinuous to give a nice form
for the premiums. Thus, a parametric Mixed Poisson model should be preferred for
the construction of optimal BMS. The non-parametric fit for Mixed Poisson
distributions presents high interest for the evaluation of the mean of difficult
functions over the risk's portfolio.
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Assume that f(λ), is a complicated function of λ. If we want to calculate
¥

E ( f (l )) = ò f (l ) dU (l )

(13)

0

even a numerical integration can be unworkable.
Nevertheless, the use of the non-parametric structure function of Λ will be more
efficient. It will give a better fit and no numerical integration will be needed. A
convex combination of some f (l ) will be performed and the relation (13) will
become:

E ( f (l )) =

m

å f (l ) p
j =1

j

j

(14)

, most of the time (14) will be a sum with 3 of 4 terms.
This technique can be applied to find the stationary and transient distributions of a
typical Markov chain used in automobile insurance.
As we know, the BMS with finite numbers of classes are characterized by s+1 classes
with growing premium percentages , i=0,…,s. The transition rules depending on the
number of accidents caused during one year, give the movements of the drivers
between the classes. Also, the transition rules give the model the Markov property
almost every time. Even when it is not the case, a redefinition of the classes can give
the Markov property to the model (see Lemaire (1985) for an application to the
BMS). If we define as X t the class at time t and as Yt the transition rules then:
X t = X t -1 + Yt .
Assuming that

Yt are independent random variables, we can find the stationary

distribution of the risks in the BMS using Dufresne’s (1988) recursive technique. At
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this point, we should mention that for BMS with nonuniform penalties per claim
Dufresne's technique would not be applicable while the technique described
hereunder remains applicable for every BMS.
The general Mixed Poisson process can’t be used for N(t) due to the independence
condition. However a Poisson process is adequate. For the calculation of the
stationary distribution of risks with mean λ, Dufresne (1995) used the Poisson
distribution and found it recursively, as a function of λ. Due to the fact that he finds
complicated functions of λ, a software handling symbolic computations is welcome.
Then, denoting as F l ( x, s ) the stationary distribution with x as the class, Dufresne
(1995) proposed to find the unconditional stationary distribution by:
¥

F ( x, s ) = ò F l ( x, s )dU (l )
l

0

If we have a non-parametric fit for N(t), this integration will be very easy as we have
already mentioned. On the second hand, if only a few values of λ are needed, instead
of using the algorithm of Dufresne (1988) we can use the traditional technique of
norming the left eigenvector of the transition probability matrix.

Regardless the method we will use, we can calculate the stationary probability vector
for the values of λ and their weighted mean which is the stationary probability vector
of the portfolio .Also, we have to mention that all this remains true for the transient
distribution functions. Note that the problem encountered by Coene and Doray (1996)
,who used simulation to find the stationary distribution of a portfolio with N(t)
negative

binomial

distributed, is solved by this technique. Finally by taking

powers of the transition probability matrix, we also find transient probabilities (for
more see the application of Walhin and Paris (1999)).
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CHAPTER 5:
GENERAL PROPERTIES OF MIXED POISSON DISTRIBUTIONS
APPLICATION IN THE CASE OF AUTOMOBILE COLLISION CLAIMS
DISTRIBUTIONS
5.1 Introduction
As we know, for the construction of optimal BMS in automobile insurance, the
distribution of the number of car accidents is frequently chosen within the “mixedPoisson” family. In this chapter, we will show the general properties of

“mixed

Poisson” family distributions and we will give a unifying approach of several particular
cases including the geometrical, the P-Erlang, the Negative Binomial and the P-inverse
Gaussian distributions. The problem of adjustment remains the thickness of the tails of
the underlying distributions. In order to avoid this problem we will introduce a new
family of “mixed-Poisson”, built upon “fatty-tailed” underlying distributions, the so
called “P-rational’’ distributions.
5.2 Main results of the mixed Poisson distributions
We will denote as X the number of claims occurring in a unit period and as in the
preceding, Λ will be the common risk parameter giving the expected number of
claims during the same unit period. In a given heterogeneous portfolio, Λ is a random
variable with cumulative density function U(λ).
For a given risk λ, the random variables Pλ(k|λ) (k = 0,1,...) which give the number (k)
of claims for one period, are identically distributed and follow a Poisson distribution.
The probability that k claims are observed in one period is then given by:
¥

P ( X = k ) º p(k ) =

òp

l

(k | l ) * dU (l )

0
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with

pl (k | l ) =

l k -l
e
k!

5.2.1Moments of mixed distributions

·

The mean of a mixed distribution is equal to the mean of the underlying
distributionU (l ) .
E [ X ] = E[ l ]

·

Var[ X ] = E ( X 2 ) - [ E[ X ]]2 = E (L ) + Var (L )

(for the proof of both lemma’s see Hulin and Justens (Banque Pictet-Luxembourg
HEFF/Cooremans Bruxelles)) .
5.2.2 Negative Binomial distribution
Transition Probabilities
We assume the underlying distribution follows a gamma distribution (this model is
that of Lemaire (1977)).

dU (l ) = u (l ) =

exp(-tl )l a -1t a d l
G (a )

We obtain:
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t a ¥ - (t +1) l k +a -1
P(k ) =
e
l
dl
G(a ) k ! ò0
For l ' = l (t + 1) we obtain:

P(k ) =

¥
'
ta
e - l l '( k +a -1) d l '
a+k ò
G (a ) k !(t + 1) 0

and the mixed distribution is a Negative Binomial (α,τ)

P(k ) =

G (a + k )
ta
G(a )k ! (t + 1)k + a

Moments
It can be proved that:

E (k ) = E (L) =

1
a
× a × G(a ) = = E ( X )
G(a )t
t
¥

Proof: E ( L ) = ò l f ( l ) d l =
0

t a ¥ a - lt
l e d l , for l ¢ = tl and integrating by parts
G (a ) ò0

¥

E (L ) =

¥

1
l ¢a e - l ¢ d l ¢ = [ - e- l ¢ l ¢a ]¥0 + a ò l ¢( a -1) e - l ¢ d l ¢
ò
G ( a)t 0
0

For the variance,

V ( k ) = Var[ X ] = E ( X 2 ) - [ E[ X ]]2 = E ( L 2 ) + E ( L ) - [ E ( L )]2 =
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a(t + 1)
t2

¥

t a ¥ a +1 - lt
Proof: We have to calculate E ( L ) = ò l f (l ) d (l ) =
l e dl
G( a ) ò0
0
2

for l ¢ = tl E ( L 2 ) =

2

( a + 1) * G( a + 1)
G( a )t 2

and as Γ(α+1)=α! we come to E ( L 2 ) =

a( a + 1)
t2

5.2.3 Geometrical distribution
Transition Probabilities

We assume the underlying distribution follows a negative exponential distribution
(for more see Hulin (1999) and Justens (1996)).

¥

P ( k ) = ò Pλ (k | l )u (l )d l =
0

¥

e - l l k - lq
k +1
ò0 k ! q e d l = ... = q (1 + q ) , k = 0,1, 2,...

k!
é
k- j ù
ê k (k - j )! x ú
ú
Proof: Using the lemma ò x k e- x (q +1) dx = e- x (q +1) ê å
j +1
ê j = 0 (q + 1)
ú
êë
úû

¥

k!
é
ù
l k- j ú
k
ê
(k - j )!
q
q
ú =
we obtain P(k ) = ê -el (q +1) × å
(for more see Hulin and
j +1
k!ê
(q + 1)
(q + 1) k +1
ú
j=0
êë
úû
0
Justens (Banque Pictet-Luxembourg HEFF/Cooremans Bruxelles)).

Moments
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It can be proved that:

E (k ) = E (L ) =

1
= E[ X ]
q
¥

¥

Proof: E ( L ) = ò l f (l ) d l = ò q × l × e -ql d l
2

0

0

For the variance,

V ( k ) = Var ( X ) =

1+q
q2
¥

¥

0

0

Proof: We have E ( L 2 ) = ò l 2 f (l ) d l = ò l 2 × q × l × e-ql d l =

2
q2

5.2.4 Poisson-Erlang distribution
Transition Probabilities

We assume the underlying distribution follows an Erlang distribution with
U (l ) = q 2 × l × e -ql (for more see Hullin (1999) and Justens (1996)).

P(k ) =

q 2 ¥ ( k +1) - l (q +1)
q 2 ( k + 1)
l
e
d
l
=
(q + 1) k + 2
k ! ò0

k!
é
k- j ù
ê k (k - j )! x ú
ú
Proof: Using again the lemma ò x k e- x (q +1) dx = e- x (q +1) ê å
j +1
ê j = 0 (q + 1)
ú
êë
úû
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¥

k!
é
ù
l k- j ú
2 ê
k +1
q
(k - j )!
q 2 (k + 1)
ê -e l (q +1) × å
ú
=
.
we obtain P(k ) =
k! ê
(q + 1) j +1 ú
(q + 1)k + 2
j =0
êë
úû
0
Moments
It can be proved that

E (k ) = E (L ) =

2
= E[ X ]
q
¥

¥

0

0

Proof: E ( L ) = ò l 2 f (l ) d l = ò q 2 × l 2 × e -ql d l

For the variance,

V ( k ) = Var ( X ) =

2(1 + q )
q2
¥

¥

0

0

Proof: We have E ( L 2 ) = ò l 2 f (l ) d l = ò l 2 × q 2 × l × e -ql d l =

6
q2

5.2.5 Poisson-Inverse Gaussian distribution
Transition Probabilities
Finally we consider the Poisson Inverse Gaussian Distribution (for more see Besson (1992)
and Trembley (1992))
We have:

dU (l ) =

m
2pbl

3

×e

æ ( l - m )2 ö
-ç
ç 2 bl ÷÷
è
ø

dl

As there is no general formula:
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For k = 0 we have:
¥

l
m
P(0) = ò e *
e
k ! 2pbl 3
0
-l

k

(

æ (l - m )2
-ç
çç 2 bl
è

) ö÷

÷÷
ø

dl = e

m
é1- 1+ 2 b (1-k ) ù
û
bë

For k = 1 we have:

P(1) = m P(0)(1 + 2 b )

-

1
2

For k > 1 we have:
(1 + 2b )k (k - 1) P ( k ) = b (k - 1)(2k - 3) P( k - 1) + mk2- 2 P( k - 2) .

Moments
We have
E (k ) = E ( X ) = m
V (k ) = Var ( X ) = m (1 + b )

(General results are given by Besson (1992) and Trembley (1992))

5.3 Geometrical distributions with two parameters
We generalize the geometrical distribution (for more see LEMAIRE, J. - ZI
HONGMIN (1994)) by means of conditional probabilities. Let:
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P (0) = 1 -

1
= 1- a
1+ a

It can be written:
P(k ) = a k (1 - a )

a is the probability to observe at least one claim during the period. We calculate:

P1claima / atleast 1 = 1 - a

So the probability to observe a second claim is also equal to a. But this cannot be the
case and these probabilities cannot be equal because, as the first claim occurs during
the time period, there is less time left for the second to occur. We will assume that:

P1claima / atleast1 = 1 - b

We construct the probability distribution:

P (0) = 1 - a

P(k ) = ab (k -1) (1 - b )

k Î N 0+

with mean and variance

m=

a
a (1 + b - a )
and s 2 =
.
1- b
(1 - b ) 2

Finally, from the equality of the first two moments, the distribution is easily adjusted:

2x 2
a= 2
x + x + s2

x 2 - x + s2
b= 2
.
x + x + s2
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The basic problem that we have is the thickness of the tails of the underlying
distributions. The systematic use of a negative exponential isn’t sufficient enough for
a great number of claims to occur .In order to avoid this problem, we will introduce
the “P-rational distributions, a new family of “mixed-Poisson”, built upon “fattytailed” underlying distributions.

5.4 Rational distributions
5.4.1 General properties
Consider a cumulative distribution defined on ¡ + with

U (l ) =

g (l )
g (l ) + a

, where g(λ) is a strictly increasing function of λ on ¡ + which goes to infinity when λ
goes to infinity, and α is a positive constant. We may also assume that g(λ) is strictly
decreasing, going to minus infinity, and that a is strictly negative. In both cases, it can
be easily proved that U(λ) is a cumulative function. We also have:

U (l ) = 1 -

a
g (l ) + a

and it shows that with respect to

1
the distribution tail tend to 1. We just have to
g (l )

select the desired thickness of the curve tail.
Also we notice that the density function can be written as:
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u (l ) =

a × g ¢(l )

( g (l ) + a )

2

If we have a polynomial form for g(λ), it has to be at least a quadratic one as we
obviously want to get a distribution with a finite first order moment. The first
derivative must be at least of the first order so that:
u (0) = 0

This property shows that there are no drivers with a totally riskless behavior.
At this point, we should mention that in the data fitting this kind of function never
leads to a handsome form for the claim distribution but numerical values can be easily
given with mathematical packages. Finally, the variance is not necessarily needed in
data fitting because distributions with infinite theoretical variance sometimes better fit
observed data.
5.5 Particular cases
5.5.1 Quadratic case
We must take the most simple form of quadratic function for g(λ) in order to get at
least a first order moment which permits a data fitting. We assume:
g (l ) = l 2

we get:

l2
U (l ) = 2
l +a

u (l ) =

2al
(l + a ) 2
2
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The comportment of the model and the general form of the distribution are given by
the second order derivative and we can see the evolution of the mode and the
thickness of the tail as an increasing function of a.

u " (l ) =

2a (a - 3l 2 )
(l 2 + a ) 3

For the first order moment, we have:

òl

l
l
dl = +
+a
2 × (l 2 + a )
2

arctan

2

l
a

2 a

so we get:

¥

¥

E[L ] = ò l f ( l ) d l = ò l
0

0

2al
dl
(l + a ) 2
2

l
é
arctan
ê
l
a
= 2a ê +
2
2
(
)
×
+
l
a
2 a
ê
êë
= 2a ×

¥

ù
ú
ú
ú
úû
0

p
ap
=
2
4 a

We can adjust our theoretical distribution because the expectation of the underlying
distribution is equal to the expectation of the claim’s distribution.
5.5.2 Cubic case
In this case, we assume:

75

g (l ) = l 3

so we get:

l3
U (l ) = 3
l +a

u (l ) =

3al 2
(l + a ) 2

For the first order moment, we have:

é -a 1 3 + 2l ù
arctan
ê
ú
l3
l
3a 1 3 û
ë
ò l 3 + a d l = - 3 × (l 3 + a ) +
3 3a 2 3
ln éëa 1 3 + l ùû ln éëa 2 3 - a 1 3 × l + l 2 ùû
+
9 ×a 2 3
18a 2 3

so we get:

¥

¥

0

0

E[ L ] = ò l f (l ) d l = ò l

3al 2
dl
(l 3 + a ) 2
¥

1
é
-a 3 + 2l ù
ê arctan[
ú
1
3
ê
ú
3
a
= 3a ê
ú
2
3 3a 3
ê
ú
ê
ú
ë
û0
p p
+
1
2p
= a 2 26 =
×a 3
3a 3 3 3
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For the moment of the second order, we have to calculate:

l4
l2
ò l 3 + a d l = - 3(l 3 + a )
+

2ln[a

1

9a

+ l]

3
1

-

ln[a

2

é -a 13 + 2l ù
ú
2 arctan ê
1
êë 3 3a 3 úû
+
3 3a

1

3

1

- a 3 × l + l2 ]

3

9a

3

1

3

which gives:
¥

¥

0

0

E[ L 2 ] = ò l 2 f (l ) d l = ò l 2

3al 2
dl
(l 3 + a ) 2
¥

é
é -a 13 + 2l ù ù
ê 2arctan ê
úú
1
ê
êë 3 3a 3 úû ú
= 3a ê
ú
1
ê
ú
3 3a 3
ê
ú
êë
úû 0
p ù
p
é
2
ê 22
6 ú
= 3a ê
+
1
1 ú
ê 3 3a 3 3 3a 3 ú
êë
úû
=

4 3p 2 3
a
9

Finally, the variance is:

VAR[L] =

2
3

p
4pa
( 3- ).
9
3
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CHAPTER 6:
PRESENTATION OF THE STOCHASTIC VORTICES MODEL AS AN
ALTERNATIVE APPROACH TO BONUS MALUS SYSTEMS

6.1 Introduction
In this chapter, we will present the Stochastic Vortices Model based on the assumption
that we have an open portfolio, i.e., we consider that a policy can be transferred from
one insurance company to another and that the new policies that constantly arrive into
a portfolio can be placed not only in the “starting class” but into any of the bonus
classes. The Stochastic Vortices Model applies to populations divided into subpopulations which correspond to the transient states of homogeneous Markov chains.
Also, by using the limit state probabilities of the Model we can estimate the Long Run
Distribution for a BMS and construct optimal BMS scales.

Furthermore, since the Stochastic Vortices Model allows the subscription and the
annulment of policies in the portfolio it is an alternative approach to the usual BMS
model and the fact that the population is taken as open renders it quite representative of
the reality.
6.2 Model Presentation
6.2.1 Stochastic Vortices

As said above, the Stochastic Vortices Model applies to populations divided into subpopulations which correspond to the transient states of homogeneous Markov chains.
After a finite time span, every element that has entered the population will end up to
an absorbing state and will not belong to the population anymore.

The probabilities of an element that is chosen in the population randomly and belongs
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to the different sub-populations will be the state probabilities. These state
probabilities will converge to limit state probabilities with the use of some quite
general conditions. So, the long run distribution will be constituted by the limit state
probabilities and it may be used for the study of the performance of the BMS in just
the same way as when an alternative model is used.

Notes:
• The state probabilities will be proportional to the mean values of the dimension
of the sub-populations.
• In the application to BMS, at first we consider transition probabilities which
depend on a parameter λ which will have a structural distribution U. Thus firstly,
we must obtain a long run distribution that depends on λ and secondly we must
decondition it in order to get the unconditional long run distribution which can
be used in a performance analysis.

6.2.2 Transition Matrices

As we have already mentioned, apart from s transient states, s corresponds to the
number of the sub-populations, there will be a final absorbing state. Parameter λ will
refer to the distribution of the number of claims and in our case we do not have to
consider that the transient states constitute a communication class- an assumption that
we are led in most of the applications to BMS. The study of the parameter λ in the
portfolio will be carried out considering that it was unidimensional but the final
deconditioning can also be carried out for a vector of parameters. Finally, we have to
mention that transition steps will correspond to years, and that the time t = 0 will be
the beginning of the year in which the portfolio establishment took place.
For K1,l the s x s matrix of one step transition between transient states, the full one
step transition matrix will be:
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PT ,l

æ
K1,l
= ç ®¢
çç s
è 0

ö
q 1,l ÷
÷
1 ÷ø

®s

(1)

®s

the last line corresponds to the absorbing state and the components of q 1,l are the
probabilities for the policyholders in the s classes quitting after one year.

Note:
®s

If we add the elements of a row of K1,l with the correspondent component of q 1,l the
sum must be equal to 1.
The above statement points out that in the end of a year, the policyholder either
occupies the class foreseen in the transition rules, i.e., he remains in the portfolio or
he annuls his policy and does not remain in the company.
Lemma 1
The n steps transition matrix will be:

P

(n)

T ,l

æ
K n ,l
= ç ®¢
çç s
è 0

ö
q n ,l ÷
÷
1 ÷ø

®s

with:

K n , l = K1,nl
®s

q n,l =

n -1

®s

å K1,jl × q 1,l
j=0
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Proof:
We have P ( n )T ,l = P nT , l because the Markov chain is homogeneous and the proof can
be established through mathematical induction once it is observed that:

K n ,l = K1, l × K n -1,l = K1,l × K1,nl-1
®s

®s

®s

n -2

®s

®s

n -1

®

q n ,l = K1, l × q n -1,l + q 1,l = K1,l × å K1,jl × q 1,l + q 1,l = å K1,jl × q1,l
j =0

j= 0

Thus the elements of the matrix K1,nl will be the transition probabilities in n steps
between the sub-populations.
®¢ s

If the components of the row vector p0,l are the probabilities of a new policyholder
being placed in the s classes, the components of:
®¢ s

®¢ s

pn,l = p0,l × K1,nl

(2)

will be the corresponding probabilities after n years.
6.2.3 Limit state probabilities
With the use of some very general conditions we have (for more see Healy (1986)):

s

®s

®¢ s

K1,l = åhl ,l a l ,l b l ,l

(3)

l =1

®s
®¢s
, hl , l éê a l ,l ; b l ,l ùú ; i = 1,..., s are the eigenvalues (left and right eigenvectors) of K1,l
ë
û

with:
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®¢ s

®s

bl ,l × a h,l = 0; l ¹ h

(4)

so that
s

®s

®¢ s

K n ,l = K n1,l = åh n l ,l a l ,l b l ,l

(5)

l =1

Now (for more see Parzen(1965)), the transition probabilities between transient states
tend to zero with the number of steps, thus

| nl ,l |< 1; l = 1,......s

(6)

In the following, will denote as qi the mean value of admissions at the i-th year, in
order to simplify the computation we will assume that the admissions are at the
beginning of each year.
Lemma 2
At the end of n years, the mean value for the number of policyholders in the different
classes will be the components of:
®¢s

®¢s

n

un ,l = p0,l × å q n -i K1,i l

(7)

i= 0

Proof:
The sum of the mean values of the policyholders in the different classes that were
admitted at years n — i , i = 0,... ,n. are mean values we want to find and according to
expression (2) these partial mean values will be the components of the row vectors:
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®¢ s

®¢ s

qn-i × pi ,l = qn-i × p0,l × K1,i l ; i = 0,......., n
and the lemma is established.
Now we will make an assumption for the growth of the portfolio. Because in most of
the cases around the world we have high competitive markets we put:

qi = k (1 - e - b i ), k , b ³ 0

(8)

so that the admissions will tend to a limit k . Finally, even under more aggressive
growth limit state probabilities exist because (6) holds.
Proposition
After n years, if (8) holds, the mean values for the number of policyholders in the
different classes will be the components of:

n
®¢ s
®¢ s
é n
ù
un ,l = k × p0, l × ê å K1,i l - e - b n å (e b K1,l )i ú
ë i =0
û
i =0

(9)

and
®¢ s

®¢ s

®¢ s

®s
®¢s
1
× a l , l b l ,l
l =1 1 - hl ,l
n

u¥ ,l = lim un ,l = k × p0,l × å
n ®¥

(10)

Proof:

The first part of the proposition follows from expressions (7) and (8). Regarding the
second part of the proposition, firstly, due to (5) and (6), we have:
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¥

åK

i
1,l

i =0

¥

s

®¢ s

®s

= ååhli,l × a l ,l ×b l , l =
i = 0 l =1

s ®s

¥

®¢ s

s ®s

®¢ s

= å a l ,l × b l ,l åhli, l = å a l ,l × b l ,l ×
l =1

i=0

l =1

1
1 - hl , l

and due to
n

åe

b ( i -n )

h

i=0

=

=e

i
l ,l

e - bh - e b hln,l+1
1 - e b hl ,l

- bh

1 - e b (h +1)hln,l+1
1 - e b hl ,l

=

®0

as n ® ¥ for l = 1,..., s
we also have:
n

åe
i=0

b (i - n)

s ®s

n

®¢s

K1,i l = å a l ,l × b l ,l å e b (i - n )hli,l ® 0 as n ® ¥ for l = 1,..., s
l =1

(11)

i= 0

and the proposition is established.
®¢ s

In order to obtain the limit state probabilities when u¥, l is defined, we have to divide
its components by their sum.
®¢ s

Denote as p T ,l

the row vector of these limit probabilities which clearly do not

depend on K, this is, on the upper bound for admissions.
To obtain the unconditional long run distribution we have to decondition, getting:
¥

p T ( j ) = ò p T , l ( j )dU (l ) , j = 1,..., s

(12)

0

, p T , l ( j ), j = 1,..., s are the conditional (unconditional in our case) limit state
probabilities.
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CHAPTER 7
DESIGN OF AN OPTIMAL BONUS-MALUS SYSTEM WHERE THE CLAIM
FREQUENCY DISTRIBUTION IS POISON-INVERSE GAUSSIAN AND THE
CLAIM SEVERITY DISTRIBUTION IS PARETO
7.1 Introduction
For the first time in actuarial literature, we will propose a combination of a PoissonInverse Gaussian distribution for modeling claim frequency and of a Pareto
distribution for modeling claim severity for the construction of an optimal BMS.
At this point we should mention that we choose the Poisson- Inverse Gaussian
distribution for modeling claim frequency as an alternative to the Negative Binomial
distribution, that is frequently used, based on the fact that mixed Poisson distributions
have thicker tails than the Poisson distribution thus they provide a better fit to claim
frequency data than the Poisson distribution when the portfolio is heterogeneous.
Furthermore, following Frangos and Vrontos (2001) and Mert and Saykan (2005) we
choose the heavy-tailed Pareto distribution for modeling claim severity because
through the use of long tail distributions apart from many small claim severities, high
claim severities can also be observed.
7.2 Design of optimal BMS with a frequency and a severity component based on the a
posteriori criteria
Under the basic assumption that the number of claims of each policyholder is
independent from the severity of each claim, we propose that the claims number is
distributed according to the Poisson- Inverse Gaussian distribution and that the claims
severity is distributed according to the Pareto distribution. Using Bayes’ theorem, we
will find the posterior distributions of the mean claim frequency and the mean claim
size, given the information we have about the claim frequency and claim size history for
each policyholder. Optimality is obtained by minimizing the insurer’s risk.
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7.2.1 Frequency component
Under the assumptions that the portfolio is heterogeneous and that all policyholders
have constant but unequal underlying risks to have an accident, the number of claims
k, given the parameter λ,is considered to follow the Poisson(λ) distribution,

pl (k | l ) =

l k -l
e
k!

κ= 0,1,2,3,... and λ > 0 and λ denotes the different underlying risk of each
policyholder to have an accident. It is assumed for the structure function that λ
~IG(α, τ) with a probability density function:

u (l ) =

g
2p hl

3
2

é 1
ù
× exp ê (l - g )2 ú ,with g>0, h>0.
ë 2hl
û

Then it can be proved that the resulting unconditional distribution of the number of
claims k will be the Poisson- Inverse Gaussian with E(λ)= g and Vα r (λ) =g(1+h) (for
more see Willmot (1986,1987), Venter (1991a), Besson and Patrat (1992), Trembley
(1992) and Lemaire (1992)).The probabilities P(k) can be calculated recursively:

P(0) = e

1ù
gé
ê1- (1+ 2 h ) 2 ú
ú
hê
ë
û

P(1) = gP(0)(1 + 2h)

-

1
2

(1 + 2h) k (k - 1) P(k ) = h( k - 1)(2k - 3) P( k - 1) + g 2 P( k - 2), k = 2,3,...

s2
ˆ
ˆ
ˆ
The moments estimators of g , h are: ĝ = x and h =
- 1 (providing s 2 > x ).
x
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For K=∑

the total number of claims that a policyholder had in t years, with ki

the number of claims that the policyholder had in the year i, i = 1,...,t using the
Bayes’ theorem we will obtain the posterior structure function of λ for a policyholder
with claim history k1,....kt,( for more see Besson and Partrat (1992) and Tremblay
(1992)).

u (l | k1 ,..., k t ) =

P(k1 ,..., k t | l )u(l )
¥

ò P(k ,..., k
1

t

=

| l )u (l ) d l

0

=

l k e - tl
Õ (k j !)
¥

l e
k

- tl

ò Õ (k
0

j

!)

g
2p hl
g
2p hl

3
2

3
2

é 1
ù
exp ê (l - g ) 2 ú
ë 2hl
û

é 1
ù
exp ê (l - g ) 2 ú d l
ë 2hl
û

After simplification of g, P (k j !) and

2p h and deletion of the integral as a

normalizing constant:

u (l | k1 ,..., k t ) µ

µl

k-

l k e -t l
l

-32

3
1
1 g2
- l (t + ) - ( )
2
2h
h
l
2

e

e

é 1
ù
exp ê (l - g ) 2 ú
ë 2 hl
û

-

l

= la e b e

-

c
l

g2
3 1
1
setting a = k - , = t + , c =
.
2 b
h
2h
With a = u - 1, b = 2 b and c = m 2 / 2b , this is the density function of a generalized
inverse Gaussian distribution, defined in most cases as:
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f (l ) =

l

n -1

e

-

l
2b

e

-

m2
2 bl

m
2 mn Kn ( )
b

K n , is the modified Bessel function of the third kind with index v , defined as:

¥

u

1

- ( x+ )
1
Kn (u ) = ò xn -1e 2 x dx
20

For all u>0, Kn (u ) satisfies the two properties:

K -n (u ) = Kn (u )
Kn +1 (u ) =

2n
Kn (u ) + Kn -1 (u )
u

The generalized-inverse Gaussian distribution is a conjugate family for the Poisson, it
reduces to inverse Gaussian when u=-1/2. The average of the generalized-inverse
Gaussian distribution is:

m
m
K 1( )
Kn +1 ( )
k
+
b
b
2
m
=m
m
m
Kn ( )
K 1( )
kb
b
2
Denote:
K
Qk (u ) =

K

k+

1
2

k-

1
2

(u )
(u )

Using the quadratic error loss function the optimal choice of λt+1 for a
policyholder with claim history k1,....,kt

will be the mean of the posterior

structure function. According to the above calculations we find that:
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m
lt +1 (k1 ,..., kt ) = m Qk ( )
b

(1)

7.2.2 Severity component
We will denote as x the size of the claim of each insured and as y the mean claim size
for each insured and we will assume that the conditional distribution of the size of
each claim given the mean claim size x|y, for each policyholder is the exponential
distribution with parameter y with a probability density function given by:
x

1 f(x|y) = × e y
y

for x > 0 and y > 0. Also E(x| y)=y and var(x y) = y2. The mean claim size y is not the
same for all the policyholders so, the prior distribution of y is IG(s, m) and it’s probability density function is given by:

m

1 -y
×e
m
g ( y) =
s +1
æyö
ç ÷ × G( s )
èmø

The expected value of the mean claim size y is:

E ( y) =

m
s -1

The unconditional distribution of the claim size x is:
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¥

P(X=x)= ò f(x|y) × g ( y )dy =
0

= s × ms × ( x + m )

- s -1

the probability density of the Pareto distribution with parameters s and m. Thus Pareto
distribution can be generated in the following way: if x|y ~ Exponential(y) and y ~
Inverse Gamma(s,m) then x ~ Pareto(s,m). So the relatively tame exponential
distribution gets transformed in the heavy-tailed Pareto distribution, which is good for
modeling the claim severity instead of the exponential distribution which is often
inappropriate. Taking y distributed according to the Inverse Gamma, heterogeneity
that characterizes the severity of the claims of different policyholders is incorporated
in the model.
Then we will calculate the posterior distribution g(y| , … ,

) in order to design an

optimal BMS that will take into account the claim severity. Denote for a policyholder
that was in the portfolio for t years:

1. K=∑

the total number of claims that he had

in t years with ki the number of claims that the policyholder had in the year i,

i = 1,...,t.

2. The vector x1, x2, ..., xk

his claim size history and

K

åX
k =1
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k

his total claim amount.

Applying Bayes’ theorem:

m+

1

×e

-

K

å xk
k =1

y

æ
ö
ç m + å xk ÷
k =1
ø
g ( y | x1 ,..., xk ) = è
K + s +1
æ
ö
ç
÷
y
ç
÷
× G( K + s )
K
çm+ x ÷
å
k ÷
ç
k =1
è
ø
K

the posterior distribution of the mean claim size y given the claims size history of the
policyholder x1, ..., xk and it is the Inverse Gamma(s + K, m+∑

). This update of

the parameters of the Inverse Gamma from s and m to s+K and m+∑

is

necessary due to the occurrence of K claims in t years with aggregate claim amount
equal to ∑

. Also Inverse Gamma distribution is said to have the important

property of being conjugate with the exponential likelihood. Finally, the mean of the
posterior distribution of the mean claim size is:

K

E(x | y) =

m + å xk
k =1

(2)

s + K -1

and the predictive distribution of the size of the claim of each insured x will be also a
member of the Pareto family.
7.2.3 Calculation of the Premium according the Net Premium Principle
Consider a group of policyholders who stayed in the portfolio for t years and had K
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claims with ∑

total claim amount. We have obtained the expected number of

claims λt+1(k1, ..., kt) by (1) and the expected claim severity yt+1(x1, ..., xK) by (2).Thus
the net premium that must be paid from that group, according the net premium
principle is given by :

K

m + å xk

m
k =1
Premium = Pt +1 (k1 ,.....kt ) = m Qk ( ) ×
.
s
K
b
+ -1

Furthermore, the two properties of Kn (u ) imply that:

Q0 (u ) = 1
Qk (u ) =

2k - 1
1
+
u
Qk -1 (u )

Thus, we can avoid numerical integration and enable a recursive calculation of the
optimal BMS. Also in order to find the net premium we have to know:
·

g and h , the parameters of the Poisson- Inverse Gaussian distribution (see
Lemaire (1995) for their estimation)

·

s and m the parameters of the Pareto distribution (see Hogg and Klugman
(1984) for their estimation)

·

the number of years t that the policyholder was in the portfolio,

·

his number of claims K and his total claim amount

K

åx
k =1
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CHAPTER 8
CONCLUSIONS

The objectives of the current thesis were to study optimal bonus-malus systems
in automobile insurance using different underlying approaches. As we have
mentioned in several occasions, the majority of optimal bonus-malus systems
assign to each policyholder a premium based on the number of his accidents
disregarding their size. In this way, a policyholder who underwent an accident
with a small size of loss will be unfairly penalized in the same way with a
policyholder who had an accident with a big size of loss.

In chapter 2, following the work of Frangos and Vrontos (2001) we presented
an optimal BMS

based on the a posteriori frequency and the a posteriori

severity component. More specifically, Frangos and Vrontos have expanded the
classical, in the BMS literature, model of Lemaire (1995) who used the Negative
Binomial distribution. The construction took place under the assumption that
the number of claims was distributed according to the Negative Binomial
distribution and that the losses of the claims were distributed according to the
Pareto distribution. By the application of Bayes’ theorem, the posterior
distributions of the mean claim frequency and the mean claim size were
calculated given the known claim frequency history and the claim size history for
each policyholder, for all the time that he/she stayed in the portfolio (for more
information on this subject, refer to Vrontos (1998)). Optimality was obtained by
minimizing the insurer’s risk and the optimal BMS had all the attractive
properties of the one designed by Lemaire.

Furthermore, important a priori information for each policyholder was
95

incorporated in this design of optimal BMS and a generalized BMS based both on
the a priori and a posteriori classification criteria was proposed. In the
generalized BMS, the premium was a function of the years that the policyholder
was in the portfolio, of his claim number, of his aggregate claim amount, of the
statistically significant a priori rating variables for the number of accidents and
for the size of loss that each of these claims incurred. In this case Frangos and
Vrontos have extended the model developed by Dionne and Vanasse (1989,
1992), which was based only on the frequency component, by taking into
consideration the individual’s characteristics, the number of his accidents and
by introducing a severity component and the generalized optimal BMS had all
the attractive properties of the one obtained by Dionne and Vanasse (1989,
1992).

Finally, Frangos and Vrontos used for their application a data set of a Greek
insurance company (for more refer to Frangos and Vrontos (2001)) and
presented the following conclusions:

·

The basic advantage of the optimal BMS based on the a posteriori frequency and
severity component in comparison with the one that takes under consideration
only the frequency component is the differentiation of the premiums
according to the severity of the claim.

·

The generalized optimal BMS with a frequency and a severity component
based both on the a priori and the a posteriori classification criteria, in
comparison with the one obtained when only the a posteriori frequency and
severity component are used, is more fair since it considers all the important a
priori and a posteriori information for each policyholder both for the frequency
and the severity component and thus it permits the differentiation of the
premiums for various number of claims and for various claim amounts based
on the estimations of the expected claim frequency and the expected claim
severity of each policyholder.

In chapter 3, we presented an optimal BMS that takes into account the claim
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frequency and one that takes into account both the claim frequency and the claim
severity based on the work of Mert and Saykan (2005). A mixture of a Poisson and
Exponential distributions, the Geometric distribution was used for modeling claim
numbers and the Pareto distribution was used again, following Frangos and Vrontos
(2001), for modeling claim amounts. The risk premium was calculated using the net
premium principle, and the results were obtained by using the claim number only and
by using both the claim number and claim amount.
In Mert’s and Saykan’s application the two BMS were compared and, as in the work
of Frangos and Vrontos (2001), it was concluded that the optimal BMS based on the
claim frequency and claim severity component is fairer for the policyholders than the
optimal BMS based only on the claim frequency component because it differentiates
the premiums (for more refer to Mert and Saykan (2005)). Nevertheless, Mert’s and
Saykan’s (2005) design of optimal BMS was based only on the a posteriori
information they had about every policyholder and the a priori information was
neglected. Thus they didn’t propose a generalized optimal BMS like Frangos and
Vrontos(2001). The expansion of their design for the construction of a generalized
optimal BMS based both on the a priori and a posteriori classification criterion using
the same claim frequency and claim severity distributions is an interesting topic for
further research.

In chapter 4 based on the work of Walhin and Paris (1997) we constructed an optimal
BMS using as the claim frequency distribution a three parameters distribution
encompassing the Negative Binomial and the Poisson-Inverse Gaussian the
Hofmann’s distribution. The net premium principle or the principle of zero ut ilit y was
used for the construction. The formulae were easily derived using the Bayes theorem
and the form of the mixed Poisson distribution. Furthermore, a non-parametric
method, that permits a simple formulation of the stationary and transition
probabilities in a portfolio, was proposed for the construction of an optimal BMS.
In Walhin’s and Paris’s application, we noticed that the parametric mixed Poisson
distribution used is more general than the traditional Negative Binomial or the
Poisson Inverse Gaussian distributions but it has the disadvantage that three
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parameters have to be estimated. However, one parameter for the maximum
likelihood estimation is given by the experimental mean. Also, the fit is s light ly
better than the Negative Binomial or the Poisson Inverse Gaussian fits. About the
non-parametric case, we noticed that it is better than the three parameters parametric
distribution in terms of goodness of fit. The parameters can be estimated easily
because it has a simple form.
Nevertheless, we have to mention that the parametric approach should be preferred
for the construction of a BMS due to it s 'continuity'. Actually, a nice form is given to
the bonus-malus table by the continuous form of the distribution of Λ while the
discontinuity of the non-parametric distribution gives the bonus-malus table a curious
comportment with local almost constant premiums. Furthermore, we can use the
tables constructed with the parametric distribution as a starting point for methods like
the one proposed by Coene and Doray (1996) to 'fit' bonus-malus tables with classes.
The non-parametric fit should be preferred for the evaluation of the mean of difficult
functions of λ over the portfolio as it can replace the complicated numerical integration
by a short summation. An example of the advantage of the non-parametric fit in a
portfolio of a BMS with finite number of classes is the calculation of the stationary
and transient distributions. Finally, by the use of the non-parametric fit we can easily
evaluate other quantities like the mean asymptotic efficiency of Loimaranta (1972),
(for more details refer to Walhin and Paris (1997)).

In chapter 5, our analysis was based on the fact that for the construction of optimal
BMS the distribution of the number of car accidents is frequently chosen within the
“mixed-Poisson” family. Following the work of Hulin and Justens (Banque PictetLuxembourg HEFF/Cooremans Bruxelles) we showed the general properties of
“mixed Poisson” family distributions and we gave a unifying approach of several
particular cases including the geometrical, the P-Erlang, the Negative Binomial and the
P-inverse Gaussian distributions. Nevertheless, the main problem in the data fitting
remained the thickness of the distribution tail and the systematic use of a negative
exponential never led to a sufficiently large opportunity for a great number of claims
to occur. Thus, Hulin and Justens introduced a new family of “mixed-Poisson”, built
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upon “fatty-tailed” underlying distributions, the “P-rational’’ distributions in order to
avoid the problem of adjustment that is the thickness of the tails of the underlying
distributions.
In their applications Hulin and Justens, adjusted the common distributions to several
data bases: the Belgian, the French and the Italian. and showed the weakness of the
classical models, needing the regrouping of the worst cases and working with 2
parameters at least (for a distribution taking 5, 6 or 7 values, which means 4 to 6
degrees of freedom without adjustment). Also, graphical comparisons between the “Prational distributions” and the classical distributions showed that the tails of the
rational underlying distributions had the desirable properties and. The “P-rational
distributions fitted the data, even if some of them appeared to have an infinite
variance, which led to a rather astonishing problem: distributions with infinite
theoretical variance may sometimes better fit observed data. Thus, the existence of the
variance is not necessarily needed in practical problems (for more details refer to
Hulin and Justens (Banque Pictet-Luxembourg HEFF/Cooremans Bruxelles)).
In chapter 6, we presented an alternative approach to BMS the Stochastic Vortices
Model based on the work of Guerreiro and Mexia (2004). The Stochastic Vortices
Model was developed under the assumption that we had an open portfolio, i.e., it was
considered that a policy could be transferred from one insurance company to another
and that the new policies that constantly arrived into the portfolio could be placed not
only in the “starting class” but into any of the bonus classes. The Stochastic Vortices
Model is applicable to populations divided into sub-populations which correspond to
the transient states of homogeneous Markov chains. Also, the Long Run Distribution
for a BMS can be estimated by the use of the limit state probabilities of the Model and
optimal bonus-malus scales can be easily calculated.

For their application, Guerreiro and Mexia used a data set of a recently established
Portuguese insurance company. They applied the Stochastic Vortices Model to this
data set obtaining the correspondent long run distribution. Afterwards, some optimal
bonus scales, such as Norberg’s [1979], Borgan, Hoem & Norberg’s [1981], Gilde &
Sundt’s [1989] and Andrade e Silva’s [1991] were estimated. Furthermore, they
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compared their results with the classic model (Closed Model) for BMS and with the
Open Model developed by Centeno & Andrade e Silva [2001].

The Stochastic

Vortices Model and the Open Model had quite similar optimal bonus scales, avoiding
the very low or very high premiums that were obtained when using the closed model.
Thus, the two first models were preferred to the closed model which over evaluated the
probabilities for the higher classes since it did not took into consideration the
policyholders tendency to leave when they attain higher maluses. The Stochastic
Vortices Model and the Open Model were the more realistic ones (for more details
refer to Guerreiro and Mexia).

At this point it should be mentioned that in Portugal, the transfer of information
between insurers is not efficient. Thus, policyholders who had a claim during an
annuity, leave their insurance company in order to buy another policy to a competitor
declaring that this is their first insurance policy. In this way, they are not penalized
and they can be treated by their new insurer as individuals who never had a claim.
Also, it should not be assumed that all policyholders start in the same class. That is
because due to commercial goals, discounts are given to new policyholders thus they
are not all placed in the pre-defined “starting class”. Also, in other cases, when the
insurance company requests the Tariff Certificate, the new policyholders start in an
aggravated class. Thus, the use of Stochastic Vortices Model in the application of
Guerreiro and Mexia allowed the subscription and the annulment of policies in the
portfolio as it was an alternative approach to the usual BMS model and the fact that the
population is taken as open renders it quite representative of the reality.

Furthermore, in situations that correspond to open populations in which there are
entrances and departures the irreducible Markov chains of discrete parameter fail and
the Stochastic Vortices offer useful models. When the population is divided into subpopulations and the transition probabilities are invariant between sub-populations,
these sub-populations can be considered as the transient states of a homogenous Markov
chain. Under quite general assumptions in the entrances, the limit state probabilities
correspond to the long run distribution can be obtained. Also, because the population
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is taken as open, this kind of models is much more realistic than classic models based
in a closed population occupying the states of an irreducible Markov chain.
In chapter 7 for the first time in actuarial literature we proposed a combination of a
Poisson- Inverse Gaussian distribution for modeling claim frequency and of a Pareto
distribution for modeling claim severity for the construction of an optimal BMS. We
chose the Poisson- Inverse Gaussian distribution for modeling claim frequency as an
alternative to the Negative Binomial distribution, that is frequently used, based on the
fact that mixed Poisson distributions have thicker tails than the Poisson distribution.
Thus they provide a better fit to claim frequency data than the Poisson distribution
when the portfolio is heterogeneous. Furthermore, following Frangos and Vrontos
(2001) and Mert and Saykan (2005) we choose the heavy-tailed Pareto distribution for
modeling claim severity because through the use of long tail distributions, apart from
many small claim severities, high claim severities can also be observed.
Finally, an interesting topic for further research could be the expansion of the above
design for the construction of a generalized optimal BMS based both on the a priori
and the a posteriori classification criteria using the same claim frequency and claim
severity distributions or the design of optimal BMS with different claim frequency
and claim severity distributions.
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