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Abstract

The selection of the optimal portfolio is a problem that concerns the financial
science. The term “portfolio” refers to the collection of assets owned by an investor.
An “optimal portfolio” is a specific mix of assets that optimizes a utility function.
Nowadays, due to the development of information technology, we are able to control
complex mathematical models and select the optimal portfolio that provides less risk
and the highest out-of-sample risk-adjusted realized return. Based on this, many
models such as the Single Index model, Static Latent factor model, Latent factor
GARCH model, full-factor multivariate GARCH model, regime switching-dynamic
correlations model have been developed. This thesis presents a multidimensional

methodology based on the financial analysis of hedge fund returns.

Keywords : Portfolio Construction, Dynamic covariances / correlations, Hedge fund

portfolios



OIKONOMIKO ITANEIIIXTHMIO AOHNQN

[Tepiinyn

H emioyn tov BérTiotov yaptopulokiov givor Eva mpdPANa TOv APOPd TIG XPTNHATOOKOVOULKES
emomues. O O6pog "YoPTOPLAGKIO" OVOEEPETOL GTNV GLAAOYY] TEPLOVGLOKADV GTOLEIV OV
avikouv o€ évav emevoutn. Eva "BéATioTo YopTOo@ULAGKIO" &ivor éva GLYKEKPIUEVO pelypa
TEPLOVOIOKMY OTOLKEIOV OV PeATIoTOTOEl L GUVAPTNON YPNOUOTNTOC. ZNUEPD, AOY® TNG
avamtuéng g Texvoloyiag TV mAnpoeopldv, cipaote oe Béom va yepldpocte mOAOTAOKA
OO UOTIKA LOVTEAD KO VO EMAEYOVUE TO BEATIOTO YOPTOPLAGKIO TOVL TAPEYEL MYOTEPO KivOuvo
Kot T0 VYMAGTEPO €€ amd TO JElYHO TPOCUPUOCHEVO KIVODVO TTPOYUATOTOIOVTOG amddoor. Me
Baon ovtd, mOAAE povtéda, Omw¢ To povtélo €vog Kovoy mapdyovta (SIM), 1o poviého
AavBavovvto mapdyovta (Static Latent factor model), to AavBavov povtédo (Latent factor)
GARCH, 10 povtého GARCH moAivmapoyovtikod moALamAoD mapdyovto, TO HOVTEAD OLVOUIKNG
GUGYETIGLOVG OV UETOAAGCGOVY TO KaBECTMG €xovv avamtuydel. AVt 1 SIMAOUATIKY £pyacia
mapovotdletl po roAvdtdotatn pebodoroyia mov Paciletar 6TV XPNUOTOOTKOVOUIKT] OVAAVGT TV

amo0OGEMV TV OVTIGTAIUGTIKOV KEQUAAI®V.
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Chapter 1

Introduction

Capital markets and stock exchanges are an important measure of the economic development of an
economy which has shown growth in recent years to a large extent. The investors, who are trying to
calibrate the cost and risk of investments every time, are constantly seeking ways and products to
increase their profit. They want to develop effective portfolios, which are a better combination of
risk and returns, so as to minimize the risk, that is the diversification. The diversification of the
portfolio is essentially when the investor tries to get rid of any non-systemic risk, i.e. any risk
eliminated by the appropriate combination of funds, portfolio and assume only the market risk.
Harry Markowitz is the founder of the theory, who developed the corresponding theory in 1952 and
won the Nobel Prize for his work in 1990. Markowitz developed the theory of the optimal portfolio
based on analysis of variance and covariance between securities in order to maximize expected
return and minimize risk. Moreover, Sharpe (1966) calculated the profit that an investor would have
through the Sharpe index from a specific distribution of securities. He combined the expected return
and standard deviation of portfolios to combination with the risk-free security. Because of the
globalization of markets, risk management has been an imperative need as we understand. In fact,
the impact of one market on the other is immediate. Thus, the fall in the prices of securities traded
in one country could be followed by the fall in the prices of securities in another country. For this
reason, the construction of the Mean-variance and Minimum variance portfolio were developed.
According to this theory, the investors make the effort to maximize their wealth and to achieve
diversification of their portfolio minimizing the potential loss from their investment. In this thesis,
we will present and analyze econometric models applying them to financial problems. We will see
the construction of optimal portfolios, the assessment of the performance, and the risk of financial
capital. We will present financial models that are appropriate for financial data with their specific
characteristics. The characteristics of financial data present the phenomenon of fat tails of returns;

deviation from normality and variances, and covariance in returns.
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Chapter 1  Introduction

In the second chapter, we analyze the portfolio management process, the risk and return of the
assets, and portfolio diversification. These concepts are very important for understanding the whole
process before making optimal portfolios. The third chapter presents the problem of portfolio
construction. From solving a problem of minimizing the variance of the portfolio under certain
constraints, we find the optimal investment rate i.e. the weights of the assets. Also important for
finding the optimal portfolio is the forecast of expected return and variance of the portfolio. In the
fourth chapter, we refer to the equation of the Capital Market Line, the Capital Asset Pricing Model,
the Arbitrage Pricing Theory, and performance measure. The use of the models is a useful tool in
portfolio management as we receive the returns of the securities in these processes. But also the
performance measures are very useful for making a reliable estimate of the returns of investment
funds. In the fifth and sixth chapter describe and we develop econometric models that study the
relationship between returns of the assets with some multivariate factor models. Furthermore, we

apply some mentioned econometric models and techniques to an empirical financial problem.
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Chapter 2

Portfolio Theory

2.1 The portfolio management process

The portfolio management process involves a comprehensive dynamic sequence of steps
that never stops to create and maintain an appropriate portfolio. The whole process starts
with the initial investment of funds based on some plans that the investor has. The real work
starts from the evaluation of the performance of the portfolio and the modification of the
portfolio based on the needs of the investor and the changes in the financial environment

(Reilly F. And Brown K. 2012).

According to Reilly and Brown, this process is divided into a series of four consecutive
steps. Initially, the first phase has to do with the policy statement which focuses on the
needs of the investor, which may be short-term or long-term and these will be determined by
the expectations of capital markets. This phase the investor’s target and investment
constraints are determined, thus ensuring that the investment decisions are appropriate for
the investor. As a result of this phase, the risks become apparent which the investor is
willing to take over. The period time plays a very decisive role in shaping the investment
objectives, needs, and investment constraints of an investor and should be taken into
account. Also, the conditions are distinguished which prevails in the economic climate
during this period analysis, as the characteristics and prospects of the various investment
trades are configured. At this phase, estimates and forecasts of the capital market

expectations are made.

Following the first phase is the construction phase in which the asset allocation of the
investor takes place within the diversity of asset classes e.g. investment bond. The asset
allocation may have either regular or strategic character into different types of investment

products, depending on the short-term or long-term investment policy to be followed by‘the
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Chapter 2 Portfolio Theory

investor. During the planning phase, it was observed that there are some securities with
more attractive features. So, these options are selected for each type of capital investment in
the construction phase. The portfolio optimization process is the final step in this phase
which is based on the determination of the percentages of capital that will be invested in any
bond. In essence, the exact determination of the percentages of capital takes place that will
be invested in each bond. This is achieved through the use of mathematical programming.

Jacobs and Levy (1995) introduce the terminology of portfolio engineering for this phase.

Then, there is the evaluation phase in which is done the calculation of portfolio performance
using risk-adjusted performance measures. This phase is a comparison with the performance
of the other portfolios that are considered standard (benchmark portfolios) and with
different types of market portfolios. In addition, an audit of discrepancies is carried out
concerning the investment objectives and investment constraints which had set by the

investor. Namely, it examines how well the planning phase was followed.

Finally, the revision phase follows which may be a change in the choice of securities and the
percentages of capital invested in these securities. It is also possible to differentiate the
initial decisions concerning asset allocation in various types of investment products. These
diversifications can be made because of the change in the prevailing conditionals at the
market and changing investor preferences in particular within the investment objectives and
investment constraints. There is constant monitoring of the changes either the investor’s
policy or the market parameters and these are taken into account during the revision phase

(Elton, E.J., Gruber, M.J., Brown, S.J. and Goetzmann W.N. 2014).

Portfolios management is considered a recurring process, as reported by Maginn et al.
(2007) in which is realized determining investment objectives and constraints, launching
investment strategies, designing the composition of the portfolio, evaluating the portfolio
performance, continual monitoring the change of its conditions market and the preferences

of the investor and redesigning the composition of the portfolio.
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Chapter 2 Portfolio Theory

2.2 Return and Risk

Several factors and investment characteristics play a decisive role during the process of
constructing the optimal portfolio. The most important of these factors are the risk and
return to individual assets. Correlations among individual assets along with risk and return
are important determinants of portfolio risk. An investor needs to understand the risk and
the return of investing in creating a portfolio. The basic idea is that an investor desires to
maximize the expected return of this portfolio for a given risk level or to minimize the risk
of the portfolio for a particular expected return provided by Elton, Guber, Brown, and
Goetzmann (2006). An investor will move from one portfolio to another one which has the
same expected return but less risk, or to a portfolio which has the same risk but greater

expected return (Fama, E. and French, 1993).

The return of a portfolio is commensurate with the returns of its individual assets, so the
return of a portfolio is the weighted average of the returns of its component assets. Suppose

that a portfolio has n assets and R;, is the return of a asset i per year t. In addition, the
expected return of a asset i per year t corresponds y; , = E(R; ;) and the variance corresponds

aft=V(Rl-J). The percentage of capital invested in asset 1 is w;, i =1,..,n with

n
w; > 0, Z w; = 1, so the return of a portfolio at the t is given by the relationship :
i=1

R]),t = WlRl,Z + W2R2,t +...... + Wan,t = Z WiRi,t = W/ . Rt
i=1
where w = (W, w,,...,w,)" it is the n X1 vector of investment rate or weights and
R, =R Ry R, ) isthe n X1 vector returns at time t. So, the expected return of a

portfolio at time t is given by the relationship :

E(Rp,t) = E(WIRI,I + W2R2,t + ... + Wan’t) =

WIE(R],Z‘) + WZE(RZ,I‘) +...... + WnE(Rn,t) =
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Chapter 2 Portfolio Theory
n n
Z w,ER;,) = Z Willi, = W'
where  p, = (g ppogrevennns sH,) isa n X1 vector of mean returns of the asset at time

t. The variance return of a portfolio at time t is given by the relationship :

V(Rp’t) =VWR ;+W,Ry,+....+W,R, ) =

wi VR )+ ..... +wi- VR, )+2-w - wy- Cov(R Ry ) +..... +2-w

n—

1" Wi COV(Rn—l’Rn,t) =

n n

ISERDIDITITEIED WALED JD IR

i=1 j=1,j#i i=1 j=1,j#i

weZ -w=w-D,-R,-D,-w

where :

= Cov(R;, R;,) is the covariance between the return R;, of asset i and the

return R; , of asset j at time t

pij. = Corr(R;,, R;,) is the correlation between the return R;, of asset i and the
return R; , of asset j at time t

e X,is an X n covariance matrix of the returns of assets at time t

D, is an X n diagonal matrix with element of standard deviation o;

R,is an X n correlation matrix of the returns of assets

From the above, it seems that the risk returns of the portfolio are determined by the risk
returns of the individual assets and the covariance of the assets but also from the correlation
returns of the assets. Covariance is a statistical measure and it declares how one investment
moves with another. Observing the factors, which determine the variability of one’s return
portfolio, we conclude that the higher is the variation of the return of the individual assets,
the riskier will become the portfolio. The correlation coefficient measures the degree of

correlation ranging from -1 for a perfectly negative correlation to +1 for a perfectly positive
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Chapter 2 Portfolio Theory

correlation. If the correlation coefficient is large, the covariance is also large and therefore
the risk of the portfolio. On the contrary, if the correlation coefficient is small, the
covariance is small and therefore the risk of the portfolio. If a portfolio has a correlation
coefficient close to zero, it will be an uncorrelated investment pair. Note that the correlation
coefficient of investments won’t have an exact correlation coefficient of zero. Also, the
higher is the number of bonds in a portfolio, the lower is the risk while the difference
portfolios compositions cause different results that determine the expected return of the
portfolio. If there are x securities, infinite combinations can be made to each other and to

form infinite portfolios as Wallengren and Sigurdson 2017 mentioned.

The risk can be defined as the deviation from the expected historical returns during a given
period time as (Bofah and McClure, 2010) mentioned. However, Markowitz’s portfolio
selection argues that “ The risk of an asset isn’t the risk each asset individually, but the
contribution each asset at the risk of the general portfolio ” as Royal Swedish Academy of
Sciences, 1990 mentioned. In a portfolio, the total risk of a title can be divided into two

categories which are systemic risk (market risk) and non-systemic risk (specific risk).

The systemic risk or market risk cannot be limited by them, the investors. The economic,
social and political conditions that prevail in the local and international environment, such
as unemployment. Some risk premium is sought by investors to be protected from systemic

risk as Mangram, 2013 and Ross, Westerfield, and Jaffe, 2002 mentioned.

The non-systemic risk or specific risk is related to the risks contained in each stock
separately such as for example the fall in the stock price of a bank and this will not affect
the prices of other stock owned by other banks. This specialist risk can be addressed through
the process of diversification portfolio. If the investors increase the number of stocks
consisting of the portfolio, the dispersion of stock is achieved and therefore its

diversification portfolio.
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Chapter 2 Portfolio Theory

2.3 Portfolio Diversification

Portfolio diversification is a risk management technique where investment products are bought
with different risk and return, in order to reduce as much as possible the risk taken and to
normalize a significant percentage of the variability of the overall return of a portfolio. The
effects of both systemic and non-systemic risks can be avoided by diversifying the portfolio and
absorbing the losses or increasing the probability of profit that may result from poor returns on
the individual investment. A rational investor will make such a distribution of assets that for a
given level of risk, the return of the portfolio will be maximized. In other words, there will be no
portfolio or individual investment that offers higher returns with the same level risk. The
correlation plays an important role. If the investments are uncorrelated with each other, the total
investment risk is reduced by investing in different categories of assets and securities of different
publishers or even countries. The lower the degree of correlation between investments in a
portfolio, the higher the degree of diversification achieved, and therefore the smaller the number
of assets needed. In a diversified portfolio, the overall return may be lower but more stable than
that of a non-diversified portfolio. There is an inverse relationship between risk and return on
investment in an effective market. One of the easiest and most straightforward ways to diversify
your portfolio is the purchase stocks together in hedge funds (Woohwan Kim, Young Min Kim,

Tae-Hwan Kim and Seungbeom Bang).

Types of diversification

Many options for diversifying the portfolio can be used by the investor, in a wide range of cost,
return, and risk options. In general, if the portfolio has a high degree of diversification, this has
low systemic and non-systemic risk. This happens because the probability decreases that the
value of all assets is reduced at the same time, thus reducing the overall variance in the value of

the portfolio.
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Chapter 2 Portfolio Theory

The investment in similar financial products
Horizontal diversification - . . . ) .
constitutes the horizontal diversification of

the portfolio.

The investment in different financial products
Vertical diversification -> . _ S '
and assets is the vertical diversification which
can be traded even in different markets. This
greatly reduces the risk of zeroing the value
of a portfolio, even if there is something that

affects the whole economy.

Over-diversification > Additional investment in a portfolio does not

further improve its risk and return where it is
called over-diversification. The benefit
resulting from the acquisition of the
investment is less than the loss of potential

profits (diminishing returns).

Supposing that the assets returns are unrelated to each other, so the correlation coefficient and

the covariance are zero, thatis p;;, = o,

ij; = 0, having invested the same percentage of the fund

in each asset w; = 1/n foreachi, i = 1,.....,n, then:

n n
V(R,,) = Z (1/n)*e}, = l/nz oi/n—>0 as n— oo
i=1 i=1

The number of assets increases and thus the risk of the portfolio diminishes, that is it goes down

to zero.
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Chapter 2 Portfolio Theory

If we consider a portfolio consisting of two assets and the percentage of the fund investing in the

n
first asset is w; and the second asset is w, =1—w, with w; >0 and Z w; =1, the
i=1

expected return of the portfolio at time t, is given by :

E(Rp,t) =Wyt Wyt iy,
) 2 2
V(Rp,t) =wp-op,+wy o5, + 2-wypewye P12t O1° Oy

where V(R,,,) is the variance of the portfolio at the time t for R; ,and R, ,.
Still some cases :

e If the returns of the assets are perfectly positive correlated, that is py,, =1, then the

variance and the standard deviation are
_ 2 _
V(Rp,t) =W, 0, +w,-0,,)° and a(Rp,t) =W -0, +W, 0,

* If the returns of the assets are perfectly negative correlated, that is p;,, = — I, then the

variance and the standard deviation are
_ 2 _
V(Rp,t) = (w - 01— Wy- 621) and G(Rp’t) =|w- Ol — Wy 0y,

e If the returns of the assets are uncorrelated, that is p;,, = 0, then the variance and the

standard deviation are

1
2 2 2 2 2 2 2 2\~
V(Rp’t) =wj o], + Wy 05, and a(Rp’t) = (w1 co Wy 62J)2

Portfolio Construction
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Chapter 2 Portfolio Theory

It appears that the risk of the portfolio diminishes when the returns of the assets are uncorrelated

or negative correlated.

Portfolio Construction
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Chapter 3

Portfolio Construction

3.1 Minimum Variance Portfolio Construction

A portfolio is called a minimum variance when it is a good diversification portfolio. It will make up
of assets that alone have a high risk but when stacked the risk is low for the rate of expected return.
The portfolio that has the least variance in a given level of expected return is considered an
effective portfolio. Markowitz worked on this to create this portfolio with minimum variance. In
order to build an effective portfolio, we need to implement an optimization process to determine the
weights of assets that minimize the variance of the portfolio and to find constraints (Taras Bodnar,

Nestor Parolya and Wolfgang Schmid 2018).

The optimal weights of the minimum variance portfolios can be found by optimizing the following

problem :
! . ,
min —V(R, ) = min{-w'Z,w}
w2 2
n
s.t. Z w, =1
i=1
where w = (W, w,,..... ,w,)" and X, is the nxn covariance matrix of the returns at the time t.

Portfolio weights (w;) can be either positive (long position) or negative (short position). In this

problem we minimize the variance taking into account the constraint.

The Lagrange multipliers :

1
min L(w, 1) = min{Ew/Z,w —Aw'l; = 1)}
w,A

Portfolio Construction 12



Chapter 3 Portfolio Construction

where Wl =[Wi W, . . . W,].

Partial derivatives of L(w, A) with respect of wand A :

oL(w, A
ow
aL(W, /1) -1 "5—1
oA Lz

Py

1

Lz

Thus, we have w = , where /; is a nx1 vector of ones.

With the above relation, we can calculate the composition of the minimum variance portfolio.

Also, a different portfolio, which is a minimum variance portfolio, exists and produces a portfolio

n
with the smallest variance under the constraint that weights are added to the unit 2 w; = 1. Here

i=1
,we can only use portfolio weights with long positions but the specific optimization problem can be

solved with computer skills. This is the following :

! . ,
mvin EV(RPJ) = mm{aw Zw}

Portfolio Construction 13



Chapter 3 Portfolio Construction

3.2 Mean - Variance Portfolio Construction

Markowitz’s famous Mean - Variance model is the basis of every classical approach to portfolio
management. This model is based on the assumption that the investor maximizes the return and
minimizes the risk of his investment. The objective of portfolio optimization is to find a
combination of assets that is the weights of each asset in the portfolio which minimize the
standard deviation of the portfolio’s return for any given level of expected return. The
optimization problem usually consists of certain limitations. The first constraint supposes that the
sum weights of the portfolio are 1 and the second constraint demand that the weight of each item
in a portfolio is not negative, thus it only admits a long position (Hany Fahmy 2019). Taking into
account the objective of minimizing portfolio variance for a given level of expected return

summarizing as follows :

1 N
min EV(RPJ) = mln{Ew zw}

w

w; > 0, Z w;, =1 and ER,,) 2 I'ryrger

where this optimization produces a portfolio with the constraint that the expected return of the

portfolio will be greater than or equal to some target return (r7,,4,,)-

Accordingly, we can optimize based on maximizing return as follows :

max E(R, ) = max{ 2 Will; )
w i=1

n
wiZO,Zwizl and Ggﬁdg
i=1
Where spwhere 65 is the variance of the portfolio and ag is the variance which we want.

Portfolio Construction
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Chapter 3 Portfolio Construction

We can also optimize based on the W.Sharpe index to find the portfolio with maximum value of

this index as follows :

This is a programming problem that can be easily solved using optimization tool. R, is the

expected (mean) return of the portfolio and Ry is the risk free rate.

Portfolio Construction
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Chapter 4

Portfolio Evaluation

4.1 The equation of the Capital Market Line (CML)

The Capital Market Line (CML) includes portfolios that combine risk and return. It is the new
efficient set replacing Markowitz’s efficient set (Salvador Cruz Rambaud, Jos¢ Garcia Pérez,

Miguel Angel Sadnchez Granero and Juan Evangelista Trinidad Segovia, 2005).

Capital Market Line

4 Capital Markel Line

<+ EMcient Froatier
M

Expected
Return

Standard Deviation

Erpy—T
Supposing that there is a portfolio S, then the blue slope of the line at point S is : G
GS
. . o Eemymr
The red slope of the line at point M (the slope of the market line) is: ——
Om

The slopes are equal between them because the two points are in the same line. Therefore :

Ery =1y Egy =1y

Oy Oym
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Chapter 4  Portfolio Construction

Thus, the equation of the CML is

—O,

N

ERs)=r;+
Oy

Where

o 17 18 the risk free rate
—— is the slope of the market line (the expected return of the market portfolio).

Om

e o, is the standard deviation of portfolio.

e E(Rs) the expected return of the portfolio.

The relationship shows a linear and positive relationship between expected return and risk. The
above relationship only applies to efficient portfolios. If we have a stock i, then we use the

Capital Asset Pricing Model (CAPM).

4.2 Capital Asset Pricing Model (CAPM)

The first which develop the Capital Asset Pricing Model were William Sharpe (1964), John Lintner
(1965), Jan Mossin (1966) and Eugene Fama (1970) in an effort to simplify the Markowitz model
and expand it. The basic idea of the model is that the expected return of a security is related to its
systemic risk. So based on the CAPM theory, reliable predictions are made with a simple and fast
way for its connection expected return of an individual security or one portfolio at market risk

(Sharpe, W. F., 1964).

F'y Secunty Market Lime (SML)
0 wall
( 0O - - 0
Undervalued el
0 Mo U
[ 3 H'."""""“"""‘"""‘""""ﬁ '('

Overvalued

Defensive Securities Aggressive Secunties

A —.

0 Market (f = 1
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Chapter 4  Portfolio Evaluation

The equation of the model is given by the following relation :

(SML) = ER) = E(R) = r; + B(ERy)) — 1)

or
ERy) = 17)
(SML) =ER) =ER) =r;+ (G—Z)Gi,M
M

where

o E(R;) is the expected return of investment 1
o E(R,) isthe expected return of market portfolio

o Iy is the risk free rate

_Oim . . o
. b= 0—2 is security beta, a measure systemic risk
M

* 0, 1s the covariance of the returns of the investment i and the market portfolio

aﬂz,, is the variance of the market return

In the above equation, the S,(E(Ry,) — r;) is the premium market risk, which depends on the

security beta and from the premium market risk. Observing the above relationship we see that
the return of a security is positive linear relationship with coefficient B. Namely, it has positive

linear relationship between expected return and risk.

4.3 Arbitrage Pricing Theory (APT)

The model APT (Ross, 1976) is a theory that complements but also contradicts the CAPM. In other
words, it is similar to the CAPM, that is, it also refers to the collision of the expected return of a
stock with the systemic risk. It includes factors that cannot be eliminated by portfolio diversification

and it does not consist of non-system risk. The CAPM deals with the expected return of a stock in

Portfolio Construction 18



Chapter 4  Portfolio Evaluation

relation to the systemic risk of the market while the APT surrounds a large number of factors that
affect the expected return. Each factor includes a beta that plays the same role for the market as
with the CAPM model. Here the portfolio management policy becomes more completed because we
take into account most factors in contrast to the model of the CAPM (Ross, S. A., 1976). According

to the APT model, the return of a stock is given by the following relation :

E(Ri)=rf+ﬁi1.Rp1+ﬂi2'Rp2+ """ +ﬂkn'Rn

R; is the expected return of investment i

p is the sensitivity of the asset or portfolio in relation to the specified factors

Iy is the risk-free rate of return

R, is the risk premium of the specified factor

That is, the expected return of an asset j is a linear function of the asset’s sensitivities to the n

factors.

E[R(A)] A

E[R(B)]
E|Rm]|

Rf

Beta
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4.4 Performance Measure : Treynor, Sharpe and Janson

If an investment portfolio is considered successful, then the return must be greater than the return
on other portfolios in the same category at a given time. In addition to the return, the risk of

return must be calculated (Blake, C. R., Elton, E. J., and Gruber, M. J., 1993).

Jack Treynor (1965) was the first who creates a performance evaluation measure. The return
generated takes into account the systemic risk. So symbolizing with f; the systemic risk of the

investment 1 and with 7, the risk free rate, the Treynor performance measure calculated as

follows :

) R-
ro E®) il
Pi Bi

This indicator considers that diversified portfolios only pose a systemic risk . But, under certain

conditions, computational problems can arise which Sharpe tried to solve.

Sharpe (1966) replaced the measure of systemic risk of investment i () with the measure of the

total risk of investment i (standard deviation of investment returns) as follows :

1

o7 O;

The index Sharpe will also include the non-systemic risk if the portfolios are not well diversified.
If the differences between the indices Sharpe and Treynor are minimal, then the degree of
diversification will have been achieved. The index is suitable for measuring risk at historical
values when we have deviations in return that cannot be explained by systemic risk. On the other

hand, the index is suitable for predicting future prices.
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The indicators Treynor and Sharpe are used for the ranking of portfolios based on returns. If the
indicators Treynor and Sharpe are large, the ranking of the return of the portfolio is large. The
disadvantages of these indicators are that these use mean values and we cannot make statistical
tests to compare these indicators with any other indicator. The index Jenson dealt with these

shortcomings.

The Jenson uses historical observations on a macroeconomic level based on the CAPM model.
He considered that in order to evaluate the skill of the manager, it is useful to allow the
regression equation to have a non-zero constant and we should not limit the regression estimate

to be carried out from the beginning of the axes as follows :

R, —rr=a;+ PRy, — 1)+ €6, ~N0OoH),i=1,..nt=1..T

As we can see from the above equation, part of the return on investment fund is explained by the
return of the market index and another by the skill of the manager and the random factor. If the
excess return of the index is zero in relation to the financial element without risk, then the
constant a; of the sample shows the expected return on the fund. If it found to be positive and
statistically significant, it means that managers achieve higher returns than expected (successful
management). If it is low and statistically significant, then we have lower returns than expected
(failed management). On the contrary, the portfolio will have achieved exactly the expected
return if it is not statistically significant. In the beginning, the investors evaluated the
performance of the portfolio based on the degree of return. They knew that there was a risk but
they did not know how to measure or quantify it. So, they couldn’t take it into account. In the
early 1960s, investors learned how to measure risk and factors taking into account separately
because until then no measure had been created to combine these ones. There was a grouping of
portfolios in which there was similar risk based on some measure and then comparisons were
made, based on the return of the grouped portfolios. These performance measures, which we

mention, examine risk, and return within an equation.
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Multivariate Multifactor Models

5.1 Introduction

In this section, we will analyze some multi-factor models, thus we will predict the expected return
and covariances matrix of financial investments as a function of a limited number of risk attributes.
Multivariate multi-factor models are used to construct asset allocation and the risk management of
equity portfolios. These can be used to explain individual security or a portfolio of securities. If we
use multi-factor models, we will be able to predict the return and to evaluate the variability of the
return. One important characteristic of multi-factor models is that these divide the asset returns into
common factors and specific factors. However, multi-factor models can be divided into three types :
macroeconomic, fundamental and statistical factor models, and these are used to analyze and

explain asset prices.

Macroeconomic models :

Macroeconomic models are the simplest models and also, they use observable economic time
series. There are macroeconomic variables that are used as factors and these are inflation, the
percentage change in industrial production. We call a security’s linear sensitivities to the factors as
the factor betas of the security. Despite all the previous aspects, there is a minor drawback and it is
that they require identification and measurement of all the pervasive sources of risk affecting

security returns without knowing exactly what they are.

Fundamental models :

Fundamental models don’t use time series regression. These use observed firm or asset-specific
attributes as factor betas. Nonetheless, the factor betas are exogenously determined specifically
firm-specific attributes where is more the factor returns and are determined empirical random

returns associated with these various attributes.
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Statistical factor models :

Statistical factor models use unobserved or latent factors. In particular, these models use maximum-
likelihood and principal-components-based factor analysis, so produce on the cross-sectional time-

series samples of security returns to identify the pervasive factors of risk within returns.

Nevertheless, the portfolios construction has a major problem which in estimating the vector of

expected returns and, by extension, in estimating the covariance matrix. Provided that we have a

. . ) nn+1 i

portfolio with n financial assets, then number of parameters is calculated g . Assuming that
. . . . .. nn+1)

the estimate of the expected return is n whereas the estimate of the covariance matrix is —

. On conditional that we want to confront this dimensionality problem of the factors, so different

multivariate multi-factor modes have been created.

5.2 Single Index Model

The single-index model has been developed by William Sharpe (1963) and it is a simple asset
pricing model. Moreover, this is based on the hypothesis that the covariance of the financial
return is explained through a common single factor, which is the market factor (Lei Huang, Hui
Jiang and Huixia Wang, 2019). Also, the single-index model predicts the theoretical returns of

the participating stocks. The basic form of the model is given by the relationship :

R,=a;+p Ry, +¢&,6,~NOc), i=1l..n t=1..T

From the above equation, the returns of financial assets are unrelated to each other at time t. The

expected return and the variance of investment i at time t are written by :

ER;)=E(a;+p; Ry, +¢€,)=a;+p-ERy,)

VIR,)=V(a;+ ;- Ry, +¢&,)= ﬂiz “V(Ry )+ V()= ﬂiz : 01%4 + Gt%s
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where :

* R;,is the return of investment i at time t

* a;is the parameter to be estimated and it is independent on the market

p; is the parameter to be estimated dependents on the market and determines the return of 1

stock since there is a change in market return

Ry, 1s the market return at time t

€; , 1s the innovation term of investment i at time t

Cov(e;€,) =0 and E(g¢,) =0

Cov(Ry€,) =0

Furthermore, we observe that the expected return and the variance of the returns consist of a

systemic component (E(Ry; ), af,,) and a non-systemic component (a;, 0'1.28) . Also, the variance
has similarly two parts which are the unique risk (asset specific) 01.28 and systemic risk (index

driven) ﬂl.zaﬁz,,.

The covariance of the securities returns R; , and R; , is due to only the systemic surge of risk, as
the covariance of the securities returns R, , and R, , are given by relationships :

Cov(R;;, R;)) = E[(R;, — E(R; ))(R;, — E(R; )]

I
= E[(a; + iRy, + &, — a;— BERy))a; + iRy, + &, — a;— BERy, )]
= E[(B{(Ry, — ERy)) + € DB Ry, — E(Ry ) + €5,)]
= E[B,f(Ryr, — ERy ) + bRy, — ERyy )€, + Bi(Rys, — ERy e + €481
= o
and
Cov(R; s Ry,) = 6y = EIR;, — ER; )Ry, — E(Ry )]
= El(a; + PRy, + €, — a; — BEERy )Ry, — E(Ry )]
= E[(B{(Ry; — ERy1)) + € )Ry, — E(Ry )]
= E[(B(Ry, — ERy ) + &, (Ryy, — E(Ry )]

_ .2
= pioy,
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From the above relationships, we observe that the covariances depend only on the market factor.

O; o
_ 2 _ l,M _ i . .
Moreover, o6; , = pioy = f; = — = pi. M- is called security beta.
74 M

 For security beta, 5, = 1 the returns of the financial element are changed in the same way as
the returns of the market factor.

 For security beta, 5; > 1 the returns of the financial element are changed with greater variation
than this returns of the market index. (aggressive financial element)

e For security beta, f; <1 the returns of the financial element are changed with smaller

variation than this returns of the market index. (defensive financial element)

If we have a portfolio, then the coefficient o and  are determined as the weighted averages of

the individual a and B of the participating stocks. In particular, we have :
n

Portfolio’s a,: a,= Z w;a;
i=1

n
Portfolio’s f,: S, = Z w;;
i=1

Thus, the expected return of a portfolio and the variance of the returns of a portfolio at time t are

given by relationships :

E(Rp,l‘) = E(WIRI,I + W2R2,l +....+ Wan,t)

=W ER, )+ WERy )+ ...+ w,ER, ) = Y wia; + BERy)

i=1

n n
= Y wa;+ Y WHERy,) = a,+p,  ERy,)

i=1 i=1

and

n n n n n n
VR, )=, D wwBBoy + D wict, = (D wB) D wBoy + ) wio?,
i=1 i=1 j=1 i=1

i=1 j=1

n
— 2,2 2 2
—ﬂpaM+Zwi i,
i=1
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1
In the special case where the weights are equal to each other, that is — , the equation is :
n
2 _ g2,.2 Ig!,
o, = pyoy +(— Z —0;,)
ni=n

If we have a large number of n within the diversification portfolio, then the second term of the
equation tends toward zero and the mean value of the variance of the residuals is equally

eliminated. Based on this, the standard deviation of portfolio returns will be given by :

n
0y = Ppoy = GMZ wip;

i=1
Indeed, we see that the portfolio return variability is determined by the term f;, as the factors
does not affect the volatility of market return o,, . We define the effect of the non-systemic term
as a diversifiable non-systematic risk because this can be eliminated through diversification
portfolio or the increase in the average number of participants. On the other hand, the systemic
term defines as a no diversifiable systemic risk because it cannot be eliminated through

diversification portfolio or the increase in the average number of participants.

Providing that there are n estimates of the g; , n estimates of the f§; , n estimates of the o; . as well
one parameter for the E(R,,,) and for the 0]%,, , then the parameters must be estimated for the

portfolio construction is 3n + 2 when we have n financial elements.

5.3 Multi-Factor Model

The methodologies to estimate multiple factor models are :
1. Time series analysis
2. Cross-section analysis and

3. Statistical factor analysis

The multi-factor model uses the following formula :
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R, =a;i+ P ifri+Prihst--- +hifeit e =a+ Bifi +e,
(1xk)(kx1)
where :
e Bi=(f - s Pr.) is a 1xk vector of the security betas
o fi=fipeeeeens s Jrv.) 1s a kxl vector of the k factors

* ¢ 1s the specific return to security 1

We assume that the f; is /(0) stationary time series and we also assume that :

o E(f) = py and Cov(f) = EI(f; = pp)(f; = )] = &
kxk kx1 Ixk

o Cov(f€,) =0 forallk,i,t, thus the residuals are unrelated to the f,.

2
0;,

0, otherwise

for i=j, t=s
e Cov(eg,, ej’s) =

Cross-section regression model :

This is less intuitive than the time series analysis but this is an equally powerful method. The
analyst begins by observing data concerning the sensitivity of stocks to some factors. The prices
of the factors, which we are interested in, are calculated based on the returns of the stocks for a
certain period of time, which we examine and the sensitivity of the stocks from the specific
factors. These estimates are used to calculate the standard deviations and correlations of the
factors. The regression is not performed over one stock over all periods but it is performed over a
set of stocks in a specific period, then in a subsequent period for the same set of stocks so on.
Several periods performed the regression as we want to obtain time series for the factor values.
Cross-section data are to a set of observations providing that these taken from different

individuals or groups at a single point in time.

So, the cross section regression model is written based on the multi-factor model as following :

R, = a + Bff + g
Nx1  NXL (nxk@kx1)  Nxl1
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Both the expected return and the variance of the return is computed by :
ER,)=a+BE(f)=a + Buy

Cov(R,) = Q = BCov(f;)B'+D = BQB" + D

where D = diag(afg)

Time series regression model :

Time series analysis is the most common analysis for the estimated multi-factor models. The
analyst assumes that their factors are influenced by stock returns. The recognition of these
factors comes from the economic analysis of enterprises. Furthermore, historical data relating to
a series of periods are required for the prices of these factors and the returns of the stocks
examine after identifying these factors. Thus, the analyst can calculate the sensitivity of stock
return, the standard deviation of the factors as well as the correlation among the factors. The
accuracy has an important role in the collection of historical data on the values of factors in this

method. However, it is not always easy.

The multi-factor model can be written in a time series regression form :

Rl = lTal + FBl + gi . i+ 1,....,N

Tx1 (Tx1)(1x1) (Txk)(kx1) Tx1

E (g¢€) 201'21
(Tx1)(AXT)

where [ =

Tx1
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Factor analysis :

The analyst does not know either the prices of the factor or the sensitivity of the stocks regarding
these factors. A set of information is used on the historical returns of some stocks and thus, the
method tries to identify one or more statistically significant factors. In fact, only historical
returns are used for the structure of the model based on this analysis. Nonetheless, it does not

recognize which economic variables the factors represent and this is a great weakness.

5.4 Macroeconomics Model

The fluctuation of the return of the stocks is explained by some variables that affect it. Each
financial market has specificities where are observed in the economic structure of each country
and in the sectors on which it depends. It is very reasonable for the financial market that the
financial market affected by other producers such as factors affecting the world economy and the
movement of other financial markets. Macroeconomic factors influence the formation of the
stocks and are related to the predictability data in the prices of the stocks (Jaqueson K.
Galimberti, 2019).

The factors are directly observable and we use the regression of time series for each stock where
we calculate the sensitivities of the stocks in these factors since we have initially selected the risk
factors. Prices are the same for all stocks in any given period of time . We use a stratified
regression in the returns of the stocks on the sensitivities in these factors many times in order to
find the valuation of macroeconomic factors. The factors affect the whole market and thus, these
alter the returns of the stocks as well as our estimates for these returns. An additional feature of

macroeconomic factors is that the factors are unrelated to the residuals of the model.

The basic macroeconomic models is :
¢ Sharpe (1970) - Single factor model
¢ Chen, Roll and Ross (1986) - Multi-factor model
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Sharpe (1970) - Single factor model :

Sharpe assumed that the market index is linearly related to the stock prices. This relationship
could be used to estimate return of the stock. We calculate the risk and the return of a stock with
this model. Based on the Sharpe model, the sensitivity factors are limited to being positive and
concentrating on the unit. The market index is linearly related to the stock prices. This
relationship could be used to estimate return of the stock. The risk is calculated by the rate factor

beta which calculates the co-variance between the market portfolio and the stock price.

Consider the Sharpe’s model (Single Index Model) :

Ri,t = al +ﬂl . RM,t + gi,t’ 1= 1,....,N, t = 1, ..... T

where :

Datapoints
Re gression

rn

0.2 04 0.6 08 10

The Sharpe’s model has the covariance matrix is given by :

Q =6,- B B+D
NXN (NXD(IXN)
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where :

I
I

b= |
Py

oy = VarRy,),

B =(p,..

D = diag(aiz), aiz = Var(g;),

Provided that we will appreciate the f; and the 01.2 from regressing time series

- _
A2=—E R.,,. — R.,)?
Om T—1 t:l( M.t M)

T
Z[:l RM,[
M =
T
Rl,t =4a; +ﬂiRM,t té,=>¢€,= R;,
A
A2 €€
T-2

Multivariate regression :

Multivariate regression analysis is used to predict the value of the stocks and it consist of more

responses from a set of predictors. Thus, we see the linear association between more than one

predictor and more than one response.

We can now formulate the multivariate multiple regression model as follows :

RT =X'F/+ET
TxN TXN
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where:

X =(iRy,), T =(a:iB)
TX2 2XN

We estimate the regression coefficients using least squares as follows :
"= XX)'XR,
The MLE of the covariance matrix X is given by :

A | PN 1 A A
= EE%ET = E(RT_XF)/(RT_XF)

R, =X-T"=XX'X)"'XR;,

Assume that the residuals matrix is given by :

A

Er =R, —XTI"=R, —X(X'X)"'X'R; = R,[I - X(X'X)~'X"]

Chen, Roll and Ross (1986) - Multi-factor model :

Chen, Roll and Ross (1986) produced multifactorial models which use combinations indicators
of macroeconomics factors. Several economic variables are found to be significant which explain
expected stock returns. The multi-factor model has k observed macroeconomic variables which
are factors f, . These variables have mean zero and standard deviation one.
The covariance matrix is formulated as :

Q=BQB +D
where :

B =(p,fp- - Py)s Qp = EN( = p)(f; = )]
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The estimation covariance matrix is given by :

The estimation of the covariance matrix is formulated as :

R 1 <& _ _
= ﬁg,(f,—f)(ft -7
>

T

i
I

where :

5.5 Latent factor model

The factor analysis is the oldest and most well-known statistical method to see the
relationship involved in observable and latent variables. This examines the covariance in the
observable variables in order to gather information for these factors. A time-series process is
followed by the latent factors considered as a vector autoregression (A. J. O'Malley, B. H.

Neelon, 2014).

The dynamic factor model is given by :

X, =AL) f + ¢
Nx1 NXq gx1 Nx1

or
i =YWDfi + m
gx1 qxq gx1
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Assuming that the above equations are stationary.
where :
e A/(L) 1is the dynamic factor loading for i series

e A(L)f; isthe common component of the i series

Static latent factor model :

This model is given by :

yw=u + LF +g
nx1 (nxXK)(Kx1)

where :
* puis vector of constants
* L is matrix of factor loading

s Fi=(fip--- » Jx./)' 1s the vector of unobserved common factors

The covariance matrix is formulated as :

VSLF — LQSLFL/ +D

Latent factor GARCH model :

This model reduce the dimension of financial returns which allows for a great flexibility in
the econometric specification and in the modeling strategy. The latent factor GARCH model
assumes that factors follow a GARCH process.

This model is given by :

yZw=n + LF +g
nxl1 (nxK)(Kx1)

2 _ 2 2
Oy = G+ b fr ) + 80,y
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The above equation is the variance of the k common factor at time t.

The covariance matrix of asset return at time t is given by :

‘/[LFG — LQ%FGL/ +D

where the diagonal covariance matrix with GARCH variances is

Portfolio Construction
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Chapter 6

Multivariate Heteroscedasticity
Models

6.1 Introduction

The integration of the financial markets has accelerated due to the economic globalization in recent
years. Financial markets are now much more dependent on each other since the prices of one
market are spread to another. In that case, this requires a joint study of the markets. As a result, we
need to assess the whole economy, when someone has a portfolio the yields of individual assets are
considered to be interrelated. Multivariate modeling is similar to single variable modeling. The
multivariate models have two problems which are for positive definiteness of the covariance matrix

and the number of parameters should be estimated for the assets.

Multivariate heteroscedasticity models have two main problems, one is a large number of
parameters to be evaluated and the other is in the difficulty of estimating the covariance matrix

which must be positively defined.

Assuming that we have data of the form :

where each y, = (y;,.---. Yn.) isa N X1 vector and providing that the information is until the

time t-1, the equation of the mean and the reserved distribution of random errors are given by :
yy=pu+e¢ and ¢g|D,_; ~Ny07Z)
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where :

e uisa N X1 vector of constants

e gisa N X1 vector with random errors

o @,_, is the set of information at time t-1

e X, isthe N XN covariance matrix with elements o7, and Oijt > i=1,....N
j=i+1,..,N
o 2, is the variance of the i variables at time t

it

o;;, 1s the covariance between the i and j variable at time t

6.2 Multivariate ARCH model

The financial series were noticed that they show strong asymmetric, curvature but also large and
small values of the residuals tend to present within volatility clustering. There were no such models
that address these problems. Engle (1982) was studying the inflation in Great Britain observed such
characteristics. This demonstrated that variance has a type of heteroscedasticity and this depends on
the previous values of the disruptive term (conditional variability). Thus, autoregressive conditional
heteroscedasticity models such as ARCH models were created to address these problems (Diaa

Noureldin, Neil Shephard and Kevin Sheppard, 2014).

The variance of the disruptive term modifies in the ARCH model over time. So, we observe
heteroscedasticity because of the variance depends on the changeability of the previous values. The

multivariate ARCH model is given by :

V=ute
g =X,
&| @, ~ N,(0.2)

Where u, is a k-dimensional white noise and X,isa N X N conditional covariance matrix of &,.
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The residuals allocate independently with mean 0 and the constant standard deviation 2,. Therefore,

we have the conditional covariance matrix calculate as :

p
vech(X,) =y, +I'\vech(e_1e_)+..... + yvech(e,_ie,_;) = vy + Z ['yvech(e,_ig,_))

i=1

where :
i NN +1)
e ¥ isa T X 1 vector of constants.
. N(N+1) NWN+1) ) . .
e Ilisa X coefficient matrices for i = 1,....,p.

2

* vech(.) denotes the operator which inserts the diagonal and lower triangular elements of a

symmetrical table in a column table.

Assuming that we consider a bivariate, that is N = 2 times series, ARCH(1) process then :

vech(X,) = yy+ vech(e,_i¢,_,) =

o2 g2
o3, 0y Lt 710 " Y2 73 1i-1
R b
vech | =[] = [T + |72 T2 V23| X | ELm1820m1
Gy, O
12, 0224 0221 730 731 V32 V33 822 .

We have some restrictions on the elements of the y, matrices both the column and the row of the I’

because of the conditional covariance matrix must be positively defined at any time and for any

g,_;. Thus, the restrictions are as follows :

710> 0,730 > 0.710730 — 730 > O

711 2 0,713 2 014713 — 1/47122 >0

731 2 0,733 2 0731733 — 1/47322 20
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Y11V33 — }’222 > 0,y11731 — }’221 > 0713733 — ?’223 >0

We have corresponding restrictions on the rows and columns from the table I'; for multivariate

systems larger dimensions than N = 2. The 61-2[ and o;;, depend on the squares of the previous

ij,t

residuals and the cross product all variables of the system.

On the other hand, we can assume that have the diagonal representation. In others words, it provides

that each element of the covariance matrix o;;, is only a function of past values of itself and past

values of ¢; , and ¢ ;. So, the bivariate model is defined by :

y=Pp+¢g
&|®,_; ~N,(0,X)

where y, = (y;,,,,) both e = (g ,,&,,) with E(g,) = 0 and the intercept vector f = (¢, fg)’

which be known. The variance of the diagonal structure following an A RCH(1) process is defined

by :

2 2
0121 o1 Ol 710 m 0 0 €111
)t )’
vech , | = Ol = Y20+ |0 70 O]+ |E1-182,-1
o c
21,t 22t 2 Y 2
03 30 0 0 s €)1

The 2, must be positively defined, in that case of the restrictions are as follows :

Y20 > 0,730 > 0,710730 = 730 > 0

Y 2 0,720 2 073170 — 7’221 >0
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6.3 Multivariate GARCH

The multivariate GARCH model takes into account the possible correlation that may exist between
the economic variables, that is, the influence of one value of the variable on the values of the other
variables. The multivariate GARCH model will lead based on recognizing this feature to more
empirical models than working with univariate models. Many types of multivariate GARCH models
have been studied from time to time (Vrontos, I.D., P. Dellaportas and Politis, D.N., 2003). This
section will be developed the Vech, the diagonal Vech, and finally the BEKK models. In particular,

the multivariate GARCH model is written :
Vi=p, + &

8t| q)[—l ~ Nn(O’HI)

6.3.1 VECH - GARCH & Diagonal VECH models

A general form of the VECH model has been proposed by Bollerslev, Engle and Wooldridge (1988)

and is given by the following type :

p q
vech(H) =C+ Z Ayvech(e,_ig_)) + Z ijech(H,_j)
i=1 j=1

where :
e H,isthe N X N covariance matrix at time t
* vech(.) denotes the operator which inserts the diagonal and lower triangular elements of a

symmetrical table in a column table
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. NN +1)
s Cisa TXI vector
NN +1 NN +1
« A; and Bj are ( ) X ( > ) matrices fori = 1,......,p andj = 1,......,q
NN+ 1 NN +1
In that case, we use % +(p+ q)(%)2 total number of parameters.

Assuming that we want to evaluate the relationship of the time series between the past value of ones

and the current value of the other, we use the bivariate model as follows :

vech(H,) = C+Avech(e,_g_;)+ Byvech(H,_)) =

2 5 )

6, 01y, Ol 1 aj dpp Ay El-1 Pu P Pis| | ois

vech . 2, = (o] = || + |21 an an| |€m1&m1| + |Boy Py Poz| |021s
021,l 022,1 022t C22 a31 a32 033 Szzt_l ﬂ31 ﬂ32 ﬂ33 Gzzt

This model contains a large number of parameters and is very general. Because of this, we will
present the diagonal vector model which consider more successful than the vector GARCH model
(Federico Poloni and Giacomo Sbrana, 2014). The diagonal vector model makes the terms, so as it
will ensure that the conditional covariance is positively defined. The covariances specifically
depend only on the previous cross products and the previous covariances both the variances depend

only on its previous squared residuals and the previous variances. Under those circumstances, the

NN +1
number of the parameters appears to be %( p +q + 1). Also, the options for A; and B; are

limited due to the fact that they can only be diagonal matrices. Therefore, we have the conditional

covariance matrix for N = 2 and p = g = 1 to be given by the following relationship :

vech(H,) = C+ Avech(e,_ig,_) + Byvech(H,_}) =

2 2 :
ot 01 Ol 1 a; 00 Eli-1 P 00 |,
N St
vech ) = |01, = || + 0 an 0 E1,-1€2,1-1 0 ﬂ22 0 %21,
O: O
210 022 o2, 2 0 0 as €3, 0 0 By o3
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The no conditional covariance matrix is given by :

Elvech(e,_je,_ D] =[1-A, - B|]"'C

The H, must be positively defined but the restrictions are difficult to overcome during the

assessment process.

6.3.2 BEKK - GARCH & Diagonal BEKK models

The multivariate BEKK model is an advanced form of the multivariate VECH model. This model
have a big limitation that it contains a large number of parameters, even in series of small numbers.
The classic process of calculating the probability of false-maximum probability is very difficult to
assess. Thus, someone can configure or modify the BEKK model using fewer parameters and at the
same time someone can turn toothed calculation methods. This model got its name from the initials
of the names of the Baba, Engle, Kraft and Kroner whose it was first used (Farid Boussama, Florian
Fuchs, and Robert Stelzer, 2011). The main reasoning is that the conditional covariance H, is
positively defined. The diagonal BEKK which we assume the matrices a;; and b;; are diagonal, the
scalar BEKK model which is most limited form of the diagonal BEKK, in which have a;; = al and
b,; = bIwhere the a and b are the graded quantities are some examples of reducing the numbers of

parameters in the optimization process for the BEKK model.

The Engle and the Kroner (1995) created a BEKK GARCH(p,q) model which the covariance has

the following form :

K ¢ K p
_ T T T T
H, = G Cy + Z 2 Ui i€ + 2 Z byiHi- i

k=1 i=1 k=1 j=1
where :

e (, is upper triangular matrix of parameters

* a; and b;; are N X N matrices of parameters

T
t—i

e & ~N(,H,)

e g_.e' . 1s N X N matrix of the individual errors

1—i

Portfolio Construction 42



Chapter 6 Multivariate Heteroscedasticity models

The positively defined H, is guaranteed due to the special form taken by the right member of the

5N*+N
relationship. The sum of the parameters is — where N is the number of the assets. The

model is possible when the number of the assets is small while on the contrary it becomes
disobedient as the number of the assets increases. The greater the number of parameters and
securities is more likely that we have negative elements in matrices and therefore, we have negative
variances.The elements of the H, depend from all the resulting diagonals. If we have bivariate

BEKK model with K = 1, p = 1, g = 0, then the conditional covariance can be written as :

h11,z hlz,z c 0] |c 0
_ |¢n 1 +
hyy hooy Co1 €| |€21 €2

2 !
lan alzl €l E1,-182,-1 lau ap +
a a 2 a a
20 T2) ey 180 € T2

lbn b12] My Mgy [bn blzl

bZl b22 h21,t—1 h22,t—1 b21 b22

Also, the conditional variance of the first asset can be written as :
_ 2 2.2 2.2
hiy, = ¢y + aqgq, + aey, + 2ay,ap6),8,
And the conditional covariance can be written as :

_ 2 2
hyp, = €11Co1 + ay1ag €7, + A1pa95€5, + (A1pay) + a11a9,)E1,E,

These both the rest covariances and variances depend on both the yield squares and the yield

diagonals that arise.

The diagonal BEKK model puts the restriction that the a and b are diagonal matrices. In this way, it

faces the problem that we have due to the large number of parameters. In fact, the non-negativity of
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the matrices is more easily ensured. The covariance of the diagonal BEKK GARCH(1,1) model is

given by :
! 2 ’
hiyy Moy ¢y Olle; O ap, 0 €1t €1 -182-1| a0
= + ) +
hy1, hoy, C1 C2] [€21 €22 0 apy €1 4-1€2,4-1 € 0 ay

lbn 0] My Mo lbn 0]/
0 Dy |ho1m1 hopyt | LO by

Therefore, the conditional covariance equation are represented as :

_ 2 2 2 2
b1, = cfy +aqef by

_ 2
hyy, = €y + 110128 418541 + by byl

The triangular matrix contain a single element (scalar) so we assume that the coefficient is the same
for all our securities during the calculation of the covariance and variance. Therefore, The Ding and

Engle (2001) construct the Scalar BEKK model GARCH(1,1), which is given as :

H, = COCOT + 618,_1€tT_1 +bH,_,

6.4 Constant conditional correlation model

The constant conditional correlation model, as Bollerslev, 1990 mentioned, uses a different
approach than the BEKK or the vector GARCH model. This model separates conditional
covariance, in k conditional variances but fixed conditional correlation. This model has the
advantage that it greatly reduces the parameters and thus calculation process becomes simpler

(Begofia Fernandez and Nelson Muriel, 2009). Thus, the conditional variance matrix is given by :
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YVi=HU T &
&|®,_; ~N,(0,H)

H,=D,RD/(= Pij lt ]z)
where R isa N X N correlation matrix, fixed time, with element Pij » i=1,..,N, j=1,...,N,

i #j,and D, =diag(oy,..... oy, 1sa N XN diagonal matrix with time varying standard

deviations which consist of the conditional standard deviation of the i1 asset of the i diagonal

positioning. Therefore it will be of the form :

(6, 0 0 ... O]
0 6, 0 ... 0

D, = 0 O O3; - 0 where i1 = ol%’t
0 0 0 Ons

The constant conditional correlation is given by :

L po Pz - Pu

P2 b pys oo P

R= [P P 1 ... px
| Pic P P3k --- 1_

The variances a follow single variables GARCH(p,q) model :

)4
Z lj 11—]+ Zﬁljal —j i=1,.. N

j=1

NN +1
The number of the parameters is equal with % + N(1 +p +¢g) which consist of the p;; ,

ag; , a; and f; . The variance matrix H, is positive definiteness if the constant conditional
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correlation matrix is positive definiteness and the conditional variances is positive definiteness. So,

this is :

O11,t P1201,:02: P1301:03; -+ P1kO1,:0k
P1201,102¢ 027 P2302103: -+ P2;02 0k
Ht — . . . .
P1k%1,:%kt P2k%2,t0k: P3k0240k;s - -- ONN,t

When the CCC model follow GARCH(1,1) and for N = 2 then :

2 _ 2 2 .
61',[ - aOi + ailgi,t—] +ﬂi16i’[_1 , 1= 1a2

_ 2 2\t
012, = P12(07,065)2 . —1<p;p <1

In that case, if the H, is positive definiteness, the py,, ag;, a;; and f; willbe ap; > 0,a; 20,
pi;20,i=12and -1 < py, < 1. Also, the a;; + f;; will be a;; + f;; <1 fori =1,2 so that the

variance is finite and there is stationarity.

The assumption of the constant condition correlation is reasonable in some cases. Nevertheless, it
remains restrictive because the financial data often see a change of the condition correlation of the
financial returns over time. If the period has high variability, the correlation between markets tend

to increase.
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6.5 Dynamic conditional correlation model

Many scientists consider to be strong the assumption of constant correlations but it does not
correspond to reality. So, the DCC model extends the CCC model and the DCC model differs only
in allowing R to be time varying (Engle, R.F., 2002).

The estimate of the Engle (2002) consists of two steps :
1. The estimate of the single variable model GARCH and
2. The estimate of the conditional correlation which changes over time The dynamic conditional

correlation model (DCC) is defined as :

Y= pta

— 1/2
a,=H, "¢,

g|®,_; ~N,(0,H,)
where :
e H =D,RD,
* R, =(diag(Q))"*Q(diag(Q))~""

° Dl=diag("hl,t’\/h2,[""" h}’l,T)

The y, is n X 1 vector of log returns of n assets at time t, a, is n X 1 vector of mean-corrected
returns of n assets at time t such that E(a,) =0 and Cov(a,) = H, ,pu, is n X1 vector of the
expected value of the conditional y,, H,is n X n matrix of conditional variances of y, attimet,
R, is n X n conditional correlation matrix of a, attimet, & is n X1 vector of iid errors such
that E(e,) =0 and E(gel)=1, Q,is nxn covariance matrix with time-varying and D, is

n X n diagonal matrix of conditional standard deviations of a, at time t.

From univariate GARCH models, we took the elements in the diagonal matrix D, .
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N/ 0 |
0 i, O 0
D=0 0o i 0
o 0 0 ™

and h;, is given by :

Qi P
_ 2
hi; = a;o + 2 Aiqlisg T 2 Piphii—p
g=1 p=l1

So, the correlation matrix R, is symmetric :

L pos Pz - Puaa

Pro: b Py oo Pos

R =|Pi: Py 1 oo Papy
| Pike Pohet Plkr - 1 ]

R, has two requirements for determining its form :

1. The covariance matrix H, has to be a positive definite so the conditional correlation matrix R,
has to be positive definite and the conditional standard deviations of a,, D, , has to be positive
define since all the diagonal elements are positive.

2. All the elements of the R, must be equal to or less than one by definition.

Thus, the dynamic conditional correlation matrix R, can be written :

R, = Qz*_th [*—1

0, =(—-a-b)Q0 +ae,_el | +b0,_,
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where :

e The unconditional covariance matrix of the standardized error is Q = Cov(e,e!) = E(e,e!) and

T
this can be estimated as Q = 1/ TZ el
1=1

e a and b are parameters to be estimated and these must satisfya >0, b >0 and a+b < 1

The Q* is a diagonal matrix as follows :

Vo, 0 0 .. 0

0 T, 0 ... 0
or=| 0 0 o, ... 0

q. .
— | <1 must apply for the second requirement.

\/ 4ii19jj.t

If we have DCC(M,N)-GERCH model then the dynamic correlation structure is given that :

and |Pij| = |

M N M N
Qt = (1 - 2 a, — Z bn)g + Z amgt—lgzil + Z ant—l
m=1 n=1 m=1 n=1

6.6 Full-factor M-GARCH model

The multivariate full factor GARCH model (FFMG) (Vrontos, 1.D., Dellaportas, P. and Politis,
D.N., 2003) is defined as :

=uteg
g = WX,

th q)t—l ~ Nn(o’zt)
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where :
e pnisa N X1 vector of constants

e gisa N X1 innovation vector and this has a linear combination of the factors x; ,

e Wisa N X N parameter matrix
e @, , isa set of information at time t-1

e X, isa N X1 vector of factors and this consist of elements x;, for i = 1,.....N

e 2, isa N X N variance covariance matrix and this has diagonal elements

The variance covariance matrix is given by :

612’1 0 O
0 022’t 0
=0 0 o3, 0
0 0 0 o3,

and we calculate the aiz,t with the following relationship :

al.z =a;+ bl-)cft_1 +fl~al.zt_1 with i =1,.....Nand t=1,...T

S

The o>

it

is the variance of the i factor and it must apply a; > 0, b, > 0 and f; > 0. GARCH(1,1)

processes follow the factors x; ,.

Even if the vector & follows a conditional multivariate normal distribution, that is
g|®,_, ~N(0,H,), then we find the conditional covariance H, of the asset returns at time t as

follows :

H=WEIW =WZ/?Z)*W = (WE/(WZ/?) =27

with
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(6, 0 0 0
0 o, O 0
x2 = 0 0 o3, 0
0 0 0 O

The W is a below triangular matrix, that is, it is valid that w; =0 forj >i and w; >0 for
i = 1,....,N. But if we want to diminish the number of parameters of the model, then we will use a
natural restriction which is w; =1 for i =1,....,N. This constraints have been used by Aguilar
and West (2000), Geweke and Zhou (1996) and Chib et al. (1998). The conditional covariance

matrix H, is defined according to the constraint w;; = 1 as follows :

hll,t hlz,t h13,t th,t
hyr, hyny hoz, hon,
H=WXZW = h3re hsap hssy hane| =

hyie Pnoe Pz, Py

[ 2 2 2 2 }
Ol Wr1071 W3107 WnN101 s

2 2 2 2 2 2 2 2
w2101 Zizl W2i0i; Zizl WoiW3;0;, Zizl WoiWn;Oi
_ 2 2 2 2 3 2
= | w301, Zi=1W3iW2i0i,z Zi=1W3ini6i,t

3 2 2
Zi=1W3i6i,t

2 2 2 3 2
WN101 Z,-zleiwini,t zl':lWNiW3iai,t

If the factor variances al.zt

N 2 2
Z,-zl WNiOi

are well defined for i = 1,....,N, then the variance covariance matrix H,

will be positive definite such as we come to the attention of the construction of the model.

Moreover, the x;, are not parameters to be estimated and these have zero idiosyncratic variances.

Indeed, these are given by X, = W™le,. In the event that a model has N =1, we have
GARCH(L,1).

51
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6.7 Regime switching dynamic correlation model

We know that the variance and covariance of financial time series are time-varying. Many
models face additional problems when we write a multivariate model of volatility. The
Regime Switching Dynamic Correlation model (RSDC) is a new multivariate volatility
model and it has better performance at capturing correlation asymmetries. A special case of
the RSDC model with only one regime is the CCC model (Pelletier, D., 2006). The Regime

Switching Dynamic Correlation model is defined by :

Y=UHteg
&|®,_; ~ N,(0,H)

The covariance matrix H, can be decomposed into :
H =xI'2,

where :

o X, is a diagonal matrix which contains the standard deviations o, , and is time-varying

at time t for k = 1,....,K where K: number of time series

e I', contains the correlations which is time-varying at time t

Moreover, the variance akz , calculates by :
2 _ 2 2 ‘ _ —
o, =4+ bx,  +fog, ., with k=1,...Kand r=1..T

However, the I', follows a Markov Chain and this has different values for different regimes.
According to a Markov chain process, the RSDC generates dynamic correlations because of
transitioning between regimes of different correlation levels. The switch from one regime to

another is determined by transition probabilities and these are time-varying.
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The correlation matrix modeled I', with based on a dynamic framework as follows :
N
I, = Z 1(At=n)rn
n=1

where :

e A, is an unserved Markov chain process independent of ¢, taking also N possible values
A,=1.2,...,N)

* 1 is an indicator function

e I'yis K XK correlation matrices with I', # I';, for n # n’, off-diagonal elements are -1

and 1

The probability law governing the Markov chain process A, is defined as II,. Also, the zrti’j
is the probability of going from regime i in period t-1 to regime j in period t and it is found
with zrti’j =P(A,=j|A,_; =i) [8]. Moreover, the #" denote the limiting probability of

being in regime n.

The I', and I', are correlation matrix. The I', contains the off-diagonal elements which are
between -1 and 1 and the diagonal elements are 1. We must impose that I, will be a
correlation matrix and this can become with the Choleski decomposition. Thus, we have
I', = P,P,. Provided that the P, is a lower triangular matrix and impose constraints on P, for
the purpose of getting ones on the diagonal. So, these constraints will have off diagonal
elements between [-1,1]. The I', comes to be with the Choleski decomposition as follows

for trivariate example :

2
Pia P1,1P21 P1,1P3.1
_ 2 2
I'= P1,1P2.1 Pr1P22 P2.1P31 T P22P32
2 2 2
P1.1P31 P21P31 T P22P32 P31t P32 tD33

Portfolio Construction

53



Chapter 6 Multivariate Heteroscedasticity models

The elements on the diagonal P, are positive and the constraints I';; =1 becomes as

follows:

where if we have j = 1, then the sum is zero.The estimation of the RSDC model will be
complicated by the high number of parameters with each I',, so we can use the EM

algorithm which will not complicate the estimation from increasing the number of time

series.
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Application to real data

7.1 Introduction

In this Chapter, we use an example of real data to construct an optimal portfolio and applied some
models in order to predict the returns of financial data and to estimate the variability and
participation of their returns. The analysis is based on equity funds which are a type of hedge funds
or private investment funds and these invest principally in stocks. We differently call them and as
stock funds. A market capitalization determines the size of an equity fund and the investment style
is also used to categorize equity hedge funds which reflected in the find’s stock holding. These

funds are categorized whether they are domestic or international.

We analyze below a real dataset of returns equity funds from the United States. So, in order to
construct and create multivariate multi-factor models, we employ thirty-one years of monthly data,
for the period 01/01/1987 to 01/01/2018. We specifically have dependent variables (monthly

returns) which are twenty and are the following (figure 7.1) :

e BMCAX US Equity (BlackRock Advantage Large Cap Growth Fund)
* FDCAX US Equity (Fidelity Capital Appreciation Fund)

¢ FCNTX US Equity (Fidelity Contrafund)

¢ FEQIX US Equity (Fidelity Equity-Income Fund Inc)

* FGRIX US Equity (Fidelity Growth & Income Portfolio)

* FDFFX US Equity (Fidelity Independence Fund)

* FMAGX US Equity (Fidelity Magellan Fund)
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FDVLX US Equity (Fidelity Value Fund)

FTRNX US Equity (Fidelity Trend Fund)

FKGRX US Equity (Franklin Growth Fund)

FKDNX US Equity (Franklin DynaTech Fund)

PRNHX US Equity (T Rowe Price New Horizons Fund Inc)
PRGIX US Equity (T Rowe Price Growth & Income Fund Inc)
SHRAX US Equity (ClearBridge Aggressive Growth Fund)
LMASX US Equity (ClearBridge Small Cap Fund)

CHTRX US Equity (Invesco Charter Fund)

OPOCX US Equity (Invesco Oppenheimer Discovery Fund)
QUASX US Equity (AB Small Cap Growth Portfolio)
CABDX US Equity (AB Relative Value Fund)

CHCLX US Equity (AB Discovery Growth Fund Inc)

In addition to the returns, we also have the factors that affect them. Thus, we have the following

eight factors which are calculated following the approach by Fama and French (2015):

Mkt-RF (market risk premium) is the market factor which is calculated as the value weighted
average of the returns of all stocks in the region minus the monthly returns on one-month U.S.
SMB (small minus big) is the average return on the small stock portfolios minus the average
return on the big stock portfolios.

HML (high minus low) is the average return between the returns on diversified portfolios of high
book-to-market' (B/M) and low book-to-market' (B/M) stocks.

RMW (robust minus weak) is the difference between returns on firms with robust profitability
and weak profitability.

MOM is the momentum factor

BAB (betting-against-beta) is long leveraged low-beta assets and short high-beta assets.

CAR is an additional factor

! book-to-market ratio is used to find the value of a company by comparing its book value to its

market value Book —to —Market Ratio =

Common Shareholders Equity
Market Cap

Portfolio Construction 56



Chapter 7 Application to real data

We present an optimal minimum variance portfolios of the form:

rrivin EV(RPJ) = min{Ew’ZtW}

n
S.t.zwi=
i=1

and mean-variance portfolios of the form:
1 N
mvin EV(RPJ) = mzn{Ew Zw}

w, >0, Z w, =1 and ER, ) 2 Iryrge

The target return will be 0.005 on a monthly basis. We will construct portfolios for the
out-of-sample period 1/2013 - 01/2018 (60 months). The estimation of the mean vector
and the covariance matrix should be estimated using the following methods: Sample
estimate of mean and covariance matrix, based on the single model, based on multivariate
multiple regression models, based on the Constant Conditional Correlation for the
variance-covariance matrix and based on the multivariate heteroskedastic model. As we
have mentioned in previous chapters, the portfolio construction problem can be
considered as a selection problem of assets, and a problem determining the portfolio
weights. The investors want to construct portfolios that minimize the portfolio risk
(portfolio standard deviation) for a given target return or to maximize the expected
portfolio return given a specific portfolio risk. As it was previously stated in this chapter

the target return is 0.005 and thus, we want to minimize the portfolio risk.
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7 [ variable

BMCAX US Equity
‘ FDCAX US Equity
FCNTX US Equity
‘ FEQIX US Equity
FGRIX US Equity
4 / FDFFX US Equity
FMAGX US Equity
FDVLX US Equity
FTRNX US Equity
FKGRX US Equity
‘ FKDNX US Equity
PRNHX US Equity

| — PRGIX US Equity
» SHRAX US Equity
- [ LMASX US Equity
| CHTRX US Equity

OPOCX US Equity

QUASX US Equity

CABDX US Equity

CHCLX US Equity

1990 2000 2010
date

FIGURE 7.1 : Plot of the returns from the funds

7.2 Sample Estimate

The first attempt is to construct minimum variance and mean variance portfolios,
estimating the mean vector and the covariance matrix by using the method of sample
estimate of mean vector and covariance matrix. We remind that the out of sample period

1s 60 months and we have 20 funds.

The weights from the method mean-variance of each funds for the first and the last month

of the 60 out of sample months are represented in Table 7.1.
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Funds /Weights 1st month of 60 60th month of 60
BMCAX US Equity 0 0
FDCAX US Equity 0 0
FCNTX US Equity 0.53614778 0.2501056
FEQIX US Equity 0 0
FGRIX US Equity 0 0
FDFFX US Equity 0 0
FMAGX US Equity 0 0
FDVLX US Equity 0 0
FTRNX US Equity 0 0
FKGRX US Equity 0.44449711 0.5818623
FKDNX US Equity 0 0
PRNHX US Equity 0 0
PRGIX US Equity 0 0
SHRAX US Equity 0 0
LMASX US Equity 0 0
CHTRX US Equity 0 0
OPOCX US Equity 0 0
QUASX US Equity 0 0
CABDX US Equity 0.01935511 0.1680321
EVSEX US Equity 0 0

TABLE 7.1 : Weights from mean-variance portfolios for the 20 funds the first and the last month of out of

sample period.

The weights from the method minimum variance of each funds for the first and the last

month of the 60 out of sample months are represented in Table 7.2.
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Funds /Weights 1st month of 60 60th month of 60
BMCAX US Equity 0 0
FDCAX US Equity 0 0
FCNTX US Equity 0.2104963 0.2105332
FEQIX US Equity 0 0
FGRIX US Equity 0 0
FDFFX US Equity 0 0
FMAGX US Equity 0 0
FDVLX US Equity 0 0
FTRNX US Equity 0 0
FKGRX US Equity 0.6035629 0.5987569
FKDNX US Equity 0
PRNHX US Equity 0 0
PRGIX US Equity 0 0
SHRAX US Equity 0 0
LMASX US Equity 0 0
CHTRX US Equity 0 0
OPOCX US Equity 0 0
QUASX US Equity 0 0
CABDX US Equity 0.1859408 0.1907099
CHCLX US Equity 0 0

TABLE 7.2 : Weights from minimum variance portfolios for the 20 funds the first and the last month of out

of sample period.

In the Ist month the fund FCNTX US Equity had the highest value in weights for the

mean-variance portfolios, but the FKGRX US Equity had the highest value in weights for

the minimum variance portfolios in the 60 month. We can see that the fund FKGRX US

Equity had the highest values in weights not only for the mean-variance but as well for

the minimum variance portfolios. It is observed that there are many funds which have

zero weight values.

Portfolio Construction

60



Chapter 7 Application to real data

In Table 7.3, we present the out of sample mean return, the portfolio standard deviation

(volatility), the cumulative returns and the conditional Sharpe Ratio.

Mean Volatility Cumulative Conditional
Return Return Sharpe Ratio

Minimum Variance | 0.01192118 0.03874101 0.7152706 0.3079726
Mean-Variance 0.01217711 0.03915046 0.7306267 0.3105148

TABLE 7.3 : Mean return, Volatility, Cumulative return and Conditional Sharpe Ratio for the minimum

portfolio and the mean-variance portfolio.

The Mean Return, Volatility, Cumulative Return of the mean-variance portfolio is higher
than the corresponding minimum variance portfolio and the Conditional Sharpe Ratio,

too.

In Figure 7.2, the cumulative returns of each portfolio are represented for the out of
sample period. We conclude that until the 10t month of the out of sample period the
cumulative returns of minimum variance and mean-variance portfolio essentially
coincide. From then on until the 60t month of the out of sample period they are in very
good agreement.After, these seem to identical the 47th month until the 515t month. Finally,
these seem that until the 60t month of the out of sample period the cumulative returns of
mean-variance portfolio is higher than the cumulative returns of minimum variance

portfolio again.
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Cumulative Portfolio Weights

— MEANVAR
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FIGURE 7.2 : Plot of Cumulative returns for the mean-variance portfolio and for the

minimum variance portfolio.

7.3 Based on Single Index Model

In this section, we construct mean-variance and minimum variance portfolios, estimating
the mean vector and the covariance matrix based on the Single Index Model. As we have

mentioned in previous chapter, the Single Index Model is given by :

Ri,t = al + ﬂl . RM,I + gi,t’ gi,t ~ N(O,Ufg), I = 1, ..... ,20, t = 1, ..... ,60
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The weights from the method mean-variance of each fund for the first and the last month

of the 60 out of sample months are represented in Table 7.4.

Funds /Weights 1st month of 60 60th month of 60
BMCAX US Equity 0 0.05599
FDCAX US Equity 0 0.04833
FCNTX US Equity 0.53463 0.08907
FEQIX US Equity 0 0.05967
FGRIX US Equity 0 0.06108
FDFFX US Equity 0 0.03397
FMAGX US Equity 0 0.04991
FDVLX US Equity 0 0.05062
FTRNX US Equity 0 0.04669
FKGRX US Equity 0.41053 0.07572
FKDNX US Equity 0.02372 0.05837
PRNHX US Equity 0 0.03889
PRGIX US Equity 0 0.07210
SHRAX US Equity 0 0.04020
LMASX US Equity 0 0.02162
CHTRX US Equity 0 0.05782
OPOCX US Equity 0 0.01898
QUASX US Equity 0 0.03047
CABDX US Equity 0.03112 0.06024
EVSEX US Equity 0 0.03025

TABLE 7.4 : Weights from mean-variance portfolios for the 20 funds the first and the last month of out of

sample period.

The weights from the method minimum variance of each asset for the first and the last

month of the 60 out of sample months are represented in Table 7.5.
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Funds /Weights 1st month of 60 60th month of 60
BMCAX US Equity 0.08414 0.05465
FDCAX US Equity 0 0.04570
FCNTX US Equity 0 0.07703
FEQIX US Equity 0.04738 0.06506
FGRIX US Equity 0 0.06754
FDFFX US Equity 0 0.03259
FMAGX US Equity 0 0.05142
FDVLX US Equity 0 0.04712
FTRNX US Equity 0 0.04623
FKGRX US Equity 0.54299 0.07587
FKDNX US Equity 0.01051 0.05474
PRNHX US Equity 0 0.03261
PRGIX US Equity 0.10240 0.07618
SHRAX US Equity 0 0.03554
LMASX US Equity 0 0.02772
CHTRX US Equity 0 0.06333
OPOCX US Equity 0 0.02420
QUASX US Equity 0 0.03005
CABDX US Equity 0.21259 0.06182
CHCLX US Equity 0 0.03061

TABLE 7.5 : Weights from minimum variance portfolios for the 20 funds the first and the last month of out

of sample period.

For the mean - variance portfolio the 1st and the 60th month the fund FCNTX US Equity
had the highest values in weights for both the mean-variance and only in the 60th month it

had the highest values in weights for the minimum variance portfolio. However, the fund

PRGIX US Equity is presented with the highest value in the 15t month.

In Table 7.6, we present the out of sample mean return, the portfolio standard deviation

(volatility), the cumulative returns and the conditional Sharpe Ratio.
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Cumulative Conditional

Mean Return Volatility Return Sharpe Ratio

Minimum Vaiance 0.0103 0.0113 0.6154 0.9371
Mean-Variance 0.0112 0.0140 0.6711 0.8169

TABLE 7.6 : Mean return, Volatility, Cumulative return and Conditional Sharpe Ratio for the minimum

portfolio and the mean-variance portfolio.

The Mean Return, Volatility and Cumulative Return of mean-variance portfolio seem to
be higher than the corresponding of minimum variance portfolio. Nevertheless, the

Conditional Sharpe Ratio is presented to be highest for the minimum variance portfolio.

In figure 7.3, the cumulative returns of each portfolio are represented for the out of
sample period. We conclude that through the months of out of sample period the
cumulative returns are higher for the mean-variance portfolio than the minimum variance
portfolio. Except of the 1st month until the 314 month when the cumulative return of the
minimum variance portfolio is the same the cumulative return of the mean-variance

portfolio.

Cumulative Portfolio Weights
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FIGURE 7.3 : Plot of Cumulative returns for the mean-variance portfolio and for the

minimum variance portfolio with Single Index Model

Portfolio Construction

65



Chapter 7 Application to real data

7.4 Constant Conditional Correlation Model

Now, we construct mean-variance and minimum variance portfolios, estimating the mean
vector and the covariance matrix considering a Constant Conditional Correlation for the

variance covariance matrix of the form :

R, =XT+E ~NQOH), t=12..T with H =DRD(=p;j/oc}0}

LI7)t

Funds /Weights 1st month of 60 60th month of 60
BMCAX US Equity 0.21945 0
FDCAX US Equity 0.11972 0
FCNTX US Equity 0 0
FEQIX US Equity 0 0
FGRIX US Equity 0 0
FDFFX US Equity 0 0
FMAGX US Equity 0 0
FDVLX US Equity 0 0.07637
FTRNX US Equity 0 0
FKGRX US Equity 0.63616 0
FKDNX US Equity 0 0
PRNHX US Equity 0 0
PRGIX US Equity 0 0
SHRAX US Equity 0 0
LMASX US Equity 0 0
CHTRX US Equity 0 0.92363
OPOCX US Equity 0 0
QUASX US Equity 0 0
CABDX US Equity 0.02467 0
EVSEX US Equity 0 0

TABLE 7.7 : Weights from mean-variance portfolios for the 20 funds the first and the last month of out of

sample period.
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Funds /Weights 1st month of 60 60th month of 60
BMCAX US Equity 0 0
FDCAX US Equity 0.17081 0
FCNTX US Equity 0 0
FEQIX US Equity 0 0
FGRIX US Equity 0 0
FDFFX US Equity 0 0
FMAGX US Equity 0 0
FDVLX US Equity 0 0.07637
FTRNX US Equity 0 0
FKGRX US Equity 0.66181 0
FKDNX US Equity 0 0
PRNHX US Equity 0 0
PRGIX US Equity 0 0
SHRAX US Equity 0 0
LMASX US Equity 0 0
CHTRX US Equity 0 0.92363
OPOCX US Equity 0 0
QUASX US Equity 0 0
CABDX US Equity 0.16738 0
CHCLX US Equity 0 0

TABLE 7.8 : Weights from minimum variance portfolios for the 20 funds the first and the last month of out

of sample period.

The weights from the method mean-variance of each asset for the first and the last month

of the 60 out of sample months are represented in Table 7.7.

The weights from the method minimum variance of each asset for the first and the last

month of the 60 out of sample months are represented in Table 7.8.
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It is obvious that the weights of each asset are the same for both mean-variance and
minimum variance portfolios 60th month only. In the 1st and in the 60t month, the

FKGRX US Equity and CHTRX US Equity had the highest weights, respectively

In Table 7.9, we present the out of sample mean return, the portfolio standard deviation

(volatility), the cumulative returns and the conditional Sharpe Ratio.

Cumulative Conditional

Mean Return Volatility Return Sharpe Ratio

Minimum Vaiance 0.0089 0.0275 0.5370 0.3557
Mean-Variance 0.0090 0.0275 0.5376 0.3554

TABLE 7.9 : Mean return, Volatility, Cumulative return and Conditional Sharpe Ratio for the minimum

portfolio and the mean-variance portfolio.

The mean return, Cumulative return of mean variance portfolio is higher than the mean

return of minimum variance portfolio and the Sharpe ratio, too.

In figure 7.4, the cumulative returns of each portfolio are represented for the out of
sample period. We conclude that all the months of the out of sample period the
cumulative returns are same for the mean-variance portfolio than the minimum variance
portfolio. From then on, the cumulative return of the mean-variance portfolio is higher

than the cumulative return of the minimum variance portfolio.
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FIGURE 7.4 : Plot of Cumulative returns for the mean-variance portfolio and for the minimum

variance portfolio with CCC Model.

7.5 Multivariate Multiple Regression Model

We construct mean-variance and minimum variance portfolios, estimating the mean

vector and the covariance matrix based on multivariate multiple regression models :

R =XTI"+E, E, ~N@©J5), t=1,..T

The weights from the method mean-variance of each fund for the first and the last month

of the 60 out of sample months are represented in table 7.9.
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Funds /Weights 1st month of 60 60th month of 60
BMCAX US Equity 0 0
FDCAX US Equity 0 0
FCNTX US Equity 0.53614778 0.4218525

FEQIX US Equity 0 0
FGRIX US Equity 0 0
FDFFX US Equity 0 0
FMAGX US Equity 0 0
FDVLX US Equity 0 0
FTRNX US Equity 0 0
FKGRX US Equity 0.44449711 0.2909520
FKDNX US Equity 0 0
PRNHX US Equity 0 0
PRGIX US Equity 0 0.2871955
SHRAX US Equity 0 0
LMASX US Equity 0 0
CHTRX US Equity 0 0
OPOCX US Equity 0 0
QUASX US Equity 0 0
CABDX US Equity 0.01935511 0
EVSEX US Equity 0 0

TABLE 7.9 : Weights from mean-variance portfolios for the 20 funds the first and the last month of out of

sample period.

The weights from the method minimum variance of each fund for the first and last month

of the 60 out of sample months appear in table 7.10.
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Funds /Weights 1st month of 60 60th month of 60
BMCAX US Equity 0 0
FDCAX US Equity 0 0
FCNTX US Equity 0.1962740 0.4218525
FEQIX US Equity 0 0
FGRIX US Equity 0 0
FDFFX US Equity 0 0
FMAGX US Equity 0 0
FDVLX US Equity 0 0
FTRNX US Equity 0 0
FKGRX US Equity 0.6105099 0.2909520
FKDNX US Equity 0 0
PRNHX US Equity 0 0
PRGIX US Equity 0 0.2871955
SHRAX US Equity 0 0
LMASX US Equity 0 0
CHTRX US Equity 0 0
OPOCX US Equity 0 0
QUASX US Equity 0 0
CABDX US Equity 0.1932161 0
CHCLX US Equity 0 0

TABLE 7.10 : Weights from minimum variance portfolios for the 20 funds the first and the last month of

out of sample period.

We observe that the fund FCNTX US Equity is highest values of weights in relation to
the others funds for mean-variance portfolios in the Ist and in the 60t month. On the

other hand, the fund FCNTX US Equity is highest value of weight only the 60t month

and the FKGRX US Equity is highest value in the 15t month.

We found the Mean Returns, the Cumulative Returns and the Conditional Sharpe Ratio
for the out of sample period 1/2013 - 01/2018 and we can see these in the table 7.11.
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Cumulative Conditional

Mean Return Volatility Return Sharpe Ratio

Minimum Vaiance 0.01208 0.03651 0.72464 0.33234
Mean-Variance 0.01226 0.03681 0.73541 0.33242

TABLE 7.11 : Mean return, Volatility, Cumulative return and Conditional Sharpe Ratio for the minimum

portfolio and the mean-variance portfolio.

The Mean Returns, the Cumulative Returns and the conditional Sharpe Ratio of mean-
variance portfolio is higher than the Mean Returns, the Cumulative Returns and the

Conditional Sharpe Ratio of minimum variance portfolio.

In figure 7.5, the cumulative returns of each portfolio are represented for the out of
sample period. We conclude that until the 9t month of the out of sample period the
cumulative return of minimum variance portfolio is equal to the cumulative return of the
mean-variance portfolio. From then until the 60th month of the out of sample period the

cumulative return of the mean-variance portfolio is higher than the cumulative return of
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FIGURE 7.5 : Plot of Cumulative returns for the mean-variance portfolio and for the minimum

variance portfolio with Multivariate Multiple Model.

minimum variance portfolio.
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Chapter 8
Concluding Remarks

An economist-analyst to reach the best decision must follow a multidimensional and analytical
process. The return is the main subject of consideration and the risk, that is volatility, the main
barrier to profit. In order to be able to measure with relative precision the interaction between these
two elements, this relationship is necessary to identify and model. The financial data are a dynamic
investment both the variance and covariance are time-varying. The time series of returns
demonstrate volatility clustering and high kurtosis. In this thesis, we concentrated on time varying
of the variances and covariances of returns, the risk measurement and we focused on building
mutual fund portfolio construction by creating models. We presented some models and thus, we saw
different methods of forecasting variances and covariances. Moreover, we constructed optimal

mutual fund portfolios and measure tail-risk.

We find that a single index model, SIM, reduces portfolio risk and improves the out of sample risk
adjusted realized returns. We also find that the CSR of the portfolio constructed with the SIM model
is the higher among alternative models. This suggests that the SIM covariance model represents a
more accurate tool for tail-risk measurement. We constructed models with minimum variance and
mean-variance, thus we saw how the minimum variance from the SIM model is higher than mean-
variance from the SIM model respectively. Furthermore, we observed that the returns of FCNTX
US Equity greatly affect because of this seem to have the highest weight in most models both

minimum variance and mean-variance.
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