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Abstract

This thesis is about the aggregate and distributional implications of fiscal
consolidation in New Keynesian D(S)GE models. The thesis studies how
these implications depend on the specific fiscal policy instrument used for
debt consolidation. Chapter 2 presents a closed-economy New Keynesian
D(S)GE model. Chapter 3 extends the model of Chapter 2 to set up a New
Keynesian model of a small open economy within a monetary union facing
sovereign interest rate premia. Finally, Chapter 4 builds a New Keynesian
D(S)GE model consisting of two heterogeneous countries participating in a
monetary union.
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INTRODUCTION

This thesis is about the aggregate, and especially the distributional, implications of fiscal

consolidation in New Keynesian D(S)GE models. The thesis studies how these implications

depend on the specific fiscal policy instrument used for debt consolidation over time. It

studies both open and closed economies.

The thesis is structured as follows. Chapter 2 presents a closed-economy New Keyne-

sian D(S)GE model. Chapter 3 extends the model of Chapter 2 to set up a New Keynesian

model of a small open economy within a monetary union facing sovereign interest rate

premia. Finally, Chapter 4 builds a New Keynesian D(S)GE model consisting of two het-

erogeneous countries participating in a monetary union. The main value added of the thesis

is the study of distributional implications. Using models with ex ante agent heterogeneity

enables me to evaluate not only the aggregate implications but also the distributional effects

of fiscal consolidation over time. By over time, I mean both the short run phase of fiscal

pain and the long run phase of fiscal gain once consolidation has been accomplished. The

anticipation of the latter is crucial to the whole time path. A review of the related literature

and how the thesis differs will be provided in each chapter. The same applies to the policy

results. However, a general result seems to be that fiscal consolidation strategies, which

use the fiscal gain to enhance the aggregate economy in the long run, can be beneficial to

all types of agents over the time path.
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CHAPTER 2. DEBT CONSOLIDATION: ITS AGGREGATE AND

DISTRIBUTIONAL IMPLICATIONS
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Debt consolidation: Its aggregate and
distributional implications

Abstract

This chapter builds and solves numerically, by using Eurozone data,
a closed-economy new Keynesian D(S)GE model in which the �scal au-
thorities are engaged in public debt reduction over time. The emphasis
is on the aggregate and distributional implications of debt consolida-
tion, where agent heterogeneity, and hence distribution, has to do with
the distinction between ”capitalists” and ”workers”. The paper studies
how these implications depend on the speci�c �scal policy instrument
used for debt consolidation. There are two key results. First, if the
criterion is aggregate, or per capita, output (GDP), the best policy mix
is to use the long term �scal gain created by debt reduction to cut the
capital tax rate and, during the early period of �scal pain, to use spend-
ing cuts to bring public debt down. Second, if the criterion is equity in
net incomes, the best recipe is to use the long term �scal gain created
by debt reduction to cut the labor tax rate and, during the early period
of �scal pain, to use capital taxes to bring public debt down.
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1 Introduction

The 2008 world crisis has, among other things, brought into the spotlight
the need for debt consolidation in several European economies. Proponents
claim that debt sustainability is necessary for the revival of these economies
(see e.g. European Commission, 2015, and CESifo, 2016). Opponents, on the
other hand, claim that debt consolidation worsens the recession and may
increase the public debt-to-GDP ratio at least in the short term; in addition,
it is claimed that debt consolidation worsens inequality since �scal austerity
hurts the relatively poor. Distributional implications of debt reductions are
an important issue since spending cuts and/or tax rises can a � ect di� erent
people/groups in di � erent ways; even a uniform change in policy can have
di � erent e� ects simply because agents are heterogeneous.

This paper provides a quantitative study of the aggregate and distribu-
tional implications of debt consolidation in a new Keynesian D(S)GE model
solved numerically using common parameter values and �scal data from
the Euro area. To study distributional implications, we obviously need a
model with agent heterogeneity. There are many types of such heterogeneity.
Here, we focus on a speci�c type which has always been popular in the
related macro literature: the distinction between capitalists and workers.
Capitalists are de�ned as those households who hold assets and own the
�rms. Workers are de�ned as those households with labor income only. 1

These two types are also called Ricardian and non-Ricardian or optimizing
and liquidity constraint households in the DSGE literature. The study of
distributional implications di � erentiates this chapter/paper from most of
the existing literature on debt consolidation. The latter has focused on ag-
gregate implications only (see e.g. Philippopoulos et al., 2015, 2017a and
2017b of the references therein).

The model is as follows. We use a rather standard New Keynesian D(S)GE
model of a closed economy featuring imperfect competition and Rotemberg-
type price rigidities. The model is solved numerically employing commonly
used parameter values and �scal data from the Euro area. Then, we assume
that the debt policy target in the feedback �scal policy rules is below the data
average (from 95% to 60%) and we study the aggregate and distributional

1This type of agent heterogeneity (capitalists and workers) has been very common
especially in the literature on �scal policy. A well-known early paper is Judd (1985).
Woodford (1989) has also used it discussing in detail the underlying assumptions about
participation in �nancial markets. Lansing (2015) provides a recent review of macro models
on capitalists and workers. Judd (1985) is probably the �rst paper on the implications of
optimal tax policy on capitalists and workers.
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implications of various policies aiming at such debt consolidation.
Results will be relative to the status quo where the status quo is de�ned

as the case without debt consolidation. The main results are as follows. First,
if the criterion is aggregate, or per capita, output (GDP), the best policy mix
is to use the long term �scal gain (namely, the �scal space created once debt
has been reduced) to cut the capital tax rate and, during the early period of
�scal pain, to use spending cuts to bring public debt down.

Second, the above policy mix is Pareto e� cient (i.e. both capitalists and
workers get better o� with this type of debt consolidation). But, if we care
about relative gains, there is a “social” cost: inequality (measured by the
ratio of the capitalist's to the worker's net income) rises both in the new
steady state and in the transition.

Third, if the criterion is equity in net incomes (although this comes at a
lower bene�t at aggregate level relative to the above policy mix), the recipe
is to use the long term �scal gain to cut the labor tax rate and, during the
early period of �scal pain, to use capital taxes to bring public debt down.

Fourth, using labor taxes or consumption taxes during the early period
of �scal pain is a bad idea both in terms of aggregate output and equity.

Section 2 presents the model. Section 3 presents the data, parameter
values and the steady state solution. Section 4 explains how we model debt
consolidation. The main results are in Section 5. Robustness checks are in
Section 6, while, Section 7, which presents the conclusions, closes the paper.
Details are in the appendix.

2 Model

The model is a New Keynesian closed-economy model featuring imperfect
competition and Rotemberg-type nominal price rigidities(see e.g. Bi et al.,
2013), which is extended to include a relatively rich menu of �scal policy
instruments as well as two social classes, called capitalists and workers.

2.1 Households

There are two types of households, a pool of identical capitalists and a pool
of identical workers. The percentage of capitalists in the population is vk

t ,

while that of workers is vw
t . Hence, there are vw

t

vk
t

times more workers than

capitalists, with the total number of capitalists normalized to one (see also
Lansing, 2015). These population fractions of capitalists and workers at time
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t are set exogeneously and are assumed to remain constant over time ruling
out occupational choice and mobility across groups.

Capitalists own the �rms, hold capital, money and government bonds
and also receive labor income for their managerial services. Workers hold
money and receive labor income for their labor services.

Households as capitalists

Each capitalist k acts competitively to maximize expected discounted lifetime
utility:

Eo

1X

t=0

� t U
�
ck
t ;nk

t ;mk
t ;gt

�
(1)

where ck
t is k's consumption at t , nk

t is k's hours of work at t , mk
t is k's end-of-

period real money balances at t , gt is total government spending at t divided
by the number of capitalists implying that the per capita public spending is
de�ned as vkgt , Eo is the rational expectations operator conditional on the
current period information set and 0 < � < 1 is the time preference rate.

In our numerical solutions, we will use a utility function of the form (see
also e.g. Gali, 2008):

U
�
ck
t ;nk

t ;mk
t ;gt

�
=

"
(ck

t )1� �

1 � �
� xn

(nk
t )1+�

1 + �
+ xm

(mk
t )1� �

1 � �
+ xg

(vkgt )1� �

1 � �

#

(2)

where xn, xm, xg, � , � , � , � are standard preference parameters.
The budget constraint of each k (written in real terms) is:

(1 + � c
t )ck

t + xk
t + bk

t + mk
t =(1 � � k

t )[rk
t kk

t � 1 + dk
t ] + (1 � � n

t )wk
t nk

t

+ Rt � 1
Pt � 1

Pt
bk

t � 1 +
Pt � 1

Pt
mk

t � 1 � � l;k
t (3)

where Pt is the price index at t and small letters denote real variables e.g.

bk
t � Bk

t
Pt

; dk
t � Dk

t
Pt

;wk
t � W k

t
Pt

. Here xk
t is k's real investment at t , bk

t is k's end-

of-period real government bonds at t , dk
t is k's real dividends paid by �rms

at t , wk
t is capitalists' real wage rate at t , kk

t is k's end-of-period capital at t ,
Rt � 1 � 1 is the gross nominal return to government bonds between t � 1 and
t , rk

t � 1 is the gross real return to inherited capital between t � 1 and t , � l;k
t are

the real lump-sum taxes/transfers to each household k from the government
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at t , � c
t is the tax rate on consumption at t , � k

t is the tax rate on capital income
at t and � n

t is the tax rate on labor income at t .
The motion of physical capital for each k is:

kk
t = (1 � � )kk

t � 1 + xk
t (4)

where 0 < � < 1 is the depreciation rate of capital.
Details of the above problem and its solution are in Appendix A.

Households as workers

Workers have the same utility function as capitalists (see Eqs.(1) and (2)).
Each worker w acts competitively to maximize expected discounted lifetime
utility taking prices and policy as given.

The budget constraint of each w (written in real terms) is:

(1 + � c
t )cw

t + mw
t = (1 � � n

t )ww
t nw

t +
Pt � 1

Pt
mw

t� 1 � � l;w
t (5)

where again small letters denote real variables e.g.ww
t � Ww

Pt
. Here cw

t is w's
consumption at t , nw

t is w's hours of work at t , mw
t is w's end-of-period real

money balances att , ww
t is workers' real wage rate at t and � l;w

t are the real
lump-sum taxes/transfers to each household w from the government at t .

Details of the above problem and its solution are in Appendix B.

2.2 Firms

The production sector consists of two sectors: the intermediate goods sector
and the �nal goods sector. Following the literature on imperfect competi-
tion in product markets, we assume that the �nal goods sector is perfectly
competitive, while each intermediate goods �rm acts as a monopolist in its
own market. The �nal goods production ”technology” is a constant elastic-
ity (CES) bundler of intermediate goods. Pro�t maximization in the �nal
goods sector (which is competitive) yields a downward sloping demand
curve for intermediate goods producers. Intermediate goods �rms choose
factors of production subject to this demand curve for their product facing
Rotemberg-type nominal price rigidities(the latter allows for non-neutrality
of money).
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Final goods �rms

Assume, for simplicity, that the single �nal good is produced by one �rm.
There is also a continuum (i.e. in�nity) of intermediate goods �rms that are
indexed along the unit interval. The production function of the �nal good is
a Dixit-Stiglitz type constant returns to scale technology:

yt =

2
66666664

1Z

0

[yt (f )]
� � 1

� df

3
77777775

�
� � 1

(6)

where yt is the production of the �nal goods �rm, yt (f ) is the production
of the variety f produced monopolistically by the intermediate goods �rm
f and � > 0 is the elasticity of substitution across intermediate goods pro-
duced.

Nominal pro�ts of the �nal goods �rm are de�ned as:

Pt yt �

1Z

0

Pt (f )yt (f )df (7)

where Pt (f ) is the price of variety f .
The �nal goods �rm chooses the quantity of every variety, yt (f ), to maxi-

mize its pro�ts (more generally it would want to maximize the sum of the
expected discounted lifetime pro�ts, but there is nothing that makes the
problem interesting in a dynamic sense as it just buys the intermediate goods
period by period. Hence, equivalently, the �nal goods �rm could maximize
pro�ts period by period instead) subject to its production ”technology”. The
objective function of the �nal goods �rm in real terms is given by:

max

2
66666664
yt �

1Z

0

Pt (f )
Pt

yt (f )df

3
77777775

(8)

Details of the above problem and its solution are in Appendix C.

Intermediate goods �rms

There are intermediate goods �rms, indexed by f , whose total mass is 1.
Each �rm f produces a di� erentiated good of variety f under monopolistic
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competition facing Rotemberg-type nominal price rigidities(see e.g. Bi et al.,
2013). Nominal pro�ts of �rm f are de�ned as:

Dt (f ) = Pt (f )yt (f )� Pt r
k
t kt � 1(f )� Ww

t nw
t (f )� W k

t nk
t (f )�

� p

2

 
Pt (f )

Pt � 1(f )�
� 1

! 2

Pt yt

(9)
where � p is a parameter which determines the degree of nominal price
rigidity, � stands for the steady state value of the in�ation rate, nk

t (f ) is the
demand of �rm f for capitalists' hours of work at t , nw

t (f ) is the demand
of �rm f for workers' hours of work at t and kt (f ) is the demand of �rm f
for physical capital at t . Notice that the quadratic cost that the �rm f faces
when it changes the price of its product is proportional to aggregate output.

All �rms use the same technology represented by the production func-
tion(similar to e.g. Hornstein et al., 2005):

yt (f ) = At [kt � 1(f )]�
h
fnk

t (f )g� fnw
t (f )1� � g

i1� �
(10)

where At is an exogenous TFP,� is the share of capital and � is the labor
e� ciency parameter of capitalist.

Pro�t maximization by �rm f is also subject to the demand for its product
that comes from the solution of the �nal goods �rm's problem as speci�ed
above (see Appendix C for details):

Pt (f ) =

 
yt (f )

yt

! � 1
�

Pt (11)

Each �rm f chooses its price,Pt (f ), and its inputs, kt (f ), nk
t (f ), nw

t (f ), to

maximize the sum of expected discounted lifetime real dividends, maxEo

1P

t=0
� 0;0+t

Dt (f )
Pt

,

subject to the demand for its product and its production function. The ob-
jective function of �rm f in real terms is given by:

maxEo

1X

t=0

� 0;0+t

2
66664
Pt (f )

Pt
yt (f ) � rk

t kt � 1(f ) � ww
t nw

t (f ) � wk
t nk

t (f ) �
� p

2

 
Pt (f )

Pt � 1(f )�
� 1

! 2

yt

3
77775

(12)

where � 0;0+t is a stochastic discount factor taken as given by the �rm f ,

which arises from the Euler of bonds and is de�ned as � 0;0+t =
t � 1Q

i =0

n
1
Ri

o
=

� t
t � 1Q

i =0

� �
Pi

Pi +1

� �
1+� c

i
1+� c

i +1

� �
ck
i +1

ck
i

� � � �
.
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Details of the above problem and its solution are in Appendix D.

2.3 Government budget constraint

The budget constraint of the ”consolidated” public sector expressed in real
terms is:

gt + Rt � 1
Pt � 1

Pt
bk

t � 1 +
Pt � 1

Pt

"

mk
t � 1 +

vw

vk
mw

t� 1

#

= bk
t +

"

mk
t +

vw

vk
mw

t

#

+ (13)

+ � c
t

"

ck
t +

vw

vk
cw
t

#

+

+ � k
t [rk

t kk
t � 1 + dk

t ]+

+ � n
t

"

wk
t nk

t +
vw

vk
ww

t nw
t

#

+ � l
t

where � l
t �

h
� l;k

t + vw

vk � l;w
t

i
. All other variables have been de�ned above. 2 As

above, small letters denote real variables.
In each period, one of the �scal policy instruments has to follow residu-

ally to satisfy the government budget constraint (see below for details).

2.4 Decentralized Equilibrium (given policy instruments)

We now combine all the above to solve for a Decentralized Equilibrium
(DE) for any feasible monetary and �scal policy. The DE is de�ned to be
a sequence of allocations, prices and policies such that: (i) every type of
households maximizes utility; (ii) every type of �rms maximizes pro�ts; (iii)
all constraints, including the government budget constraint, are satis�ed;
and (iv) all markets clear.

To proceed with the solution, we need to de�ne the policy regime. Re-
garding monetary policy, we assume, as is usually the case, that the nominal

2 Note that
1R

0
ck
t dk � ck

t ,

vw

vkR

0
cw
t dw � vw

vk cw
t ,

1R

0
kk

t � 1dk � kk
t � 1 ,

1R

0
dk

t dk � dk
t ,

1R

0
nk

t dk � nk
t ,

vw

vkR

0
nw

t dw � vw

vk nw
t ,

1R

0
mk

t dk � mk
t ,

vw

vkR

0
mw

t dw � vw

vk mw
t ,

2
666666664

1R

0
gt dk +

vw

vkR

0
gt dw

3
777777775

�
h
1 + vw

vk

i
gt ,

1R

0
bk

t dk �

bk
t ,

1R

0
� l;k

t dk � � l;k
t ,

vw

vkR

0
� l;w

t dw � vw

vk � l;w
t .
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interest rate, Rt , is used as a policy instrument, while money balances are
endogenously determined. Regarding �scal policy, we assume that, in the
transition, tax rates and public spending, � c

t ; � k
t ; � n

t ; � l
t and gt , are set exoge-

nously, while the end-of-period public debt, bt , follows residually from
the government budget constraint (see Section 4 for a discussion of public
�nancing cases).

Appendix E presents the dynamic DE system. It consists of 16 equations
in 16 variables [ ck

t ;cw
t ;yt ; � t ;m

k
t ;mw

t ;bk
t ;xk

t ;mct ;w
k
t ;nk

t ;ww
t ;nw

t ; rk
t ;kk

t ;dt ]
1
t=0 . This

is given the independently set policy instruments, [ Rt ; �
c
t ; � k

t ; � n
t ; � l

t ;gt ]
1
t=0 ,

technology [At ]
1
t=0 , and initial conditions for the state variables. All these

variables have been de�ned above except for � t and mct where � t is the gross
in�ation rate, de�ned as � t � Pt

Pt � 1
, and mct is the intermediate goods �rm's

real marginal cost as de�ned in Appendix D.2.

2.5 Rules for policy instruments

Following the related literature, see e.g. Schmitt-Groh é and Uribe (2007) and
Cantore et al.(2015), we focus on simple feedback rules for the exogenously
set policy instruments, which means that the monetary and �scal authorities
react to a small number of endogenous macroeconomic indicators. In par-
ticular, we allow the nominal interest rate, Rt , to follow a standard Taylor
rule meaning that it can react to in�ation and output as deviations from a
policy target, while we allow the distorting �scal policy instruments, namely,
government spending as share of output, s

g
t , the tax rate on consumption,

� c
t , the tax rate on capital income, � k

t , and the tax rate on labor income, � n
t ,

to react to public debt, again as a deviation from a policy target. The target
values are de�ned below.

In particular, we use policy rules of the following functional forms:

log
� Rt

R

�
= � � log

� � t

�

�
+ � y log

 
yt

y

!

(14)

s
g
t = sg � 


g
l (l t � 1 � l ) (15)

� c
t = � c + 
 c

l (l t � 1 � l ) (16)

� k
t = � k + 
 k

l (l t � 1 � l ) (17)

� n
t = � n + 
 n

l (l t � 1 � l ) (18)
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where � � , � y, 

g
l , 
 c

l , 
 k
l and 
 n

l are feedback policy coe� cients of positive
value, variables without time subscripts denote target values, and where

l t �
Rt bt

yt
(19)

denotes the end-of-period public debt burden as share of GDP.

2.6 Final Equilibrium system and solution methodology

The �nal equilibrium system consists of the 16 equations of the DE pre-
sented in Appendix E, the 5 feedback policy rules and the de�nition of l t
presented in Subsection 2.5. We thus end up with 22 equation in 22 variables
[ck

t ;cw
t ;yt ; � t ;m

k
t ;mw

t ;bk
t ;xk

t ;mct ;w
k
t ;nk

t ;ww
t ;nw

t ; rk
t ;kk

t ;dt ;Rt ;s
g
t ; � c

t ; � k
t ; � n

t ; lt ]
1
t=0 .

Among them, there are 16 non-predetermined or jump variables, [ ck
t ;cw

t ;yt ; � t ;
xk

t ;mct ;w
k
t ;nk

t ;ww
t ;nw

t ; rk
t ;dt ;s

g
t ; � c

t ; � k
t ; � n

t ]1t=0 , and 6 predetermined or state vari-
ables [mk

t ;mw
t ;bk

t ;kk
t ;Rt ; lt ]

1
t=0 . This is given the TFP, initial conditions for the

state variables and the values of coe� cients in the feedback policy rules.
To solve this non-linear di � erence equation system, we will take a �rst

order approximation around a steady state and check saddle path stability.
We �rst solve for the steady state of the model numerically employing
common parameters values and data from the Euro area. The next section
(Section 3) presents this steady state solution, or what we shall call status quo.
In turn, we will compute each new reformed steady state and, then, study
the transition dynamics, under various policy scenarios when we depart
from the status quo and travel to a new reformed steady state with lower
public debt.

3 Data, parameterization and steady state
solution

This section solves numerically the above model economy by using conven-
tional parameters and data from the Euro area. As we shall see, the model's
steady state solution will resemble the main empirical characteristics of the
Euro area.

3.1 Parameters and policy variables

Table 1 reports the baseline parameter values and Table 2 reports the values
of exogenous policy variables used to solve the above model economy. The
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time unit is meant to be a quarter. Regarding parameters, we use relatively
standard values often employed by the business cycle literature.

Let us brie�y discuss the values summarized in Table 1. Using the Euler
equation of bonds, the value of time preference rate, � , follows so as to be
consistent with the average value of the real interest rate in the data, 0.0075
quarterly (see Table 2) or 0.03 annually. The share of capital in income, � ,
and the percentage of capitalists in population, vk, are set at 0.33 and 0.2
respectively. The labor e� ciency parameter of capitalists, � , is set so that
we obtain a reasonable value for the ratio of capitalists' wage to workers'
wage, wk

ww , which, in our model, equals 1.68. The inverse of intertemporal
substitution elasticity, � , the inverse of Frisch labor elasticity, � , and the
price elasticity of demand, � , are set as in Andr�es and Doménech(2006) and
Gali (2008) in related studies. The inverse of public consumption elasticity
in utility, � , is set at 1. The real money balances elasticity,� , is taken from
Pappa and Neiss (2005); this implies an interest-rate semi elasticity of money
demand equal to -0.29 which is a common value in this literature. Regarding
preference parameters in the utility function, � m, is chosen so as to obtain a
value of real money balances as share of output equal to 1.97 quarterly, or
0.49 annually, which is close to the data (when we use the M1 measure, the
average value in the annual data is around 0.5), � n, is chosen so as to abtain
steady state labor hours equal to 0.28, while � g is arbitrarily set at 0.1 which
is a common valuation of public goods in related utility functions. We set the
Rotemberg's price adjustments cost parameter, � p, at 30 which, according to
Keen and Wang (2007), corresponds to approximately 33 percent of the �rms
re-optimizing each quarter in a Calvo pricing model. Several related studies
of the Euro area featuring Calvo price mechanism also set the probability
of price readjustment at 1/3(see e.g. Gali et al., 2001). Concerning the
exogenous TFP,At , it remains constant over time and equal to 1.

The e� ective tax rates on consumption, capital and labor are respectively
� c = 0:2, � k = 0:29 and � n = 0:39. These values are very close to the data
averages for the Euro area over 2008-2011. The long-run nominal interest
rate is 1.0075 quarterly for the Euro area in the same time period. Lump-sum
taxes/transfers as share of output, sl , and total public spending as share of
output, sg, are set -0.2 and 0.24 respectively so that their sum, � sl + sg, to be
close to the data for the same time period as well. The public debt-to-output
ratio follows residually from the steady state solution of the model and is
equal to 3.8 quarterly (or 0.95 annually). This value is very close to the
average value for the Euro area in 2015(3.6 quarterly or 0.94 annually).

The government imposes/gives a percentage, � l;k
t , of total lump-sum

13



Table 1: Parameter values

Parameter Value Description

vk 0.2 share of capitalists in population
vw 0.8 share of workers in population
� 0.33 share of capital
� 0.2 labor e� ciency parameter of capitalist
� 0.9926 time preference rate
� 3.42 parameter related to money demand elasticity
� 0.02 capital depreciation rate (quarterly)

� p 30 Rotemberg's price adjustments cost parameter
� 6 price elasticity of demand
� 1 inverse of Frisch labor supply elasticity
� 1 inverse of intertemporal substitution elasticity
� 1 inverse of public consumption elasticity in utility

� m 0.05 preference parameter related to real money balances
� n 6 preference parameter related to work e � ort
� g 0.1 preference parameter related to public spending
A 1 TFP level
� � 1.5 coe� cient of nominal interest rate on in�ation gap
� y 0.5 coe� cient of nominal interest rate on output gap



g
l 0.1 coe� cient of government spending on debt gap


 c
l 0 coe� cient of consumption tax rate on debt gap


 k
l 0 coe� cient of capital tax rate on debt gap


 n
l 0 coe� cient of labor tax rate on debt gap

14



Table 2: Policy variables (data average values)

Parameter Value Description

R 1.0075 long-run nominal interest rate
� c 0.20 consumption tax rate
� k 0.29 capital tax rate
� n 0.39 labor tax rate
sg 0.24 government consumption spending as share of output
� sl 0.2 government transfers as share of output
� l;k 0.2 percentage of total transfers to capitalists

taxes/transfers to the class of capitalists and a percentage, � l;w
t � 1 � � l;k

t , to
workers, where we set � l;k

t = vk and � l;w
t � 1 � vk = vw (See Appendix F for

details). In other words, transfers are distributed to capitalists and workers
according to their share in population.

Regarding the �scal (tax-spending) policy instruments along the transi-
tion, these instruments can also react to the current state of public debt as a
deviation from its steady state value, 3 where this reaction is quanti�ed by
the feedback policy coe� cients in the policy rules (15)-(18). In our baseline
experiments, we simply set the feedback policy coe� cient of government
spending at 0.1 (i.e. 


g
l = 0:1) which is necessary for dynamic stability, while

we switch o� all other �scal reactions to debt. 4 These baseline values of
feedback policy coe� cients are reported in Table 1. We report that our main
results are robust to changes in these values (see Section 6 for details).

3.2 Steady state solution or the ”status quo”

Table 3 reports the steady state solution of the model economy when we
use the parameter values in Table 1 and the policy instruments in Table 2.
As said, in this solution, the residual public �nancing instrument is public

3Since policy instruments react to deviations of endogenous macroeconomic indicators
from their steady state values, feedback policy coe� cients do not play any role in steady
state solutions. Also, recall that ”money is neutral” in the long run, so that the monetary
policy regime also do not matter to the real economy at the steady state.

4In most experiments it is necessary for dynamic stability to allow at least one of the
�scal policy instruments to respond to debt. These values are close to those found by
optimized policy rules in related studies (see e.g. Schmitt-Groh é and Uribe (2007) and
Philippopoulos et al.(2015)). They are also consistent with calibrated or estimated values by
previous research(see e.g. Leeper et al.(2010), Forni et al.(2010), Coenen et al.(2008), Cogan
et al.(2013), Erceg and Lindé(2013)).
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Table 3: Steady state solution or the ”status quo”

Variables Solution Variables Solution Data

y 2.3255 l 3.8273
ck 0.5940 xk 0.3379
cw 0.2089 d 0.3876
nk 0.1920 � 1
nw 0.3237 mc 0.8333
kk 16.0926 yk 0.8657
bk 8.8342 yw 0.2089
mk 1.5807 c=y 0.6147 0.57
mw 1.1645 b=y 3.7988 3.76
rk 0.0401 x=y 0.1453 0.18
wk 1.3459 m=y 2.6830
ww 0.7981 k=y 6.9201

Notes: Parameters and policy variables as in Tables 1 and 2.

debt. The solution makes sense and the resulting great ratios are close to
their values in the actual data (recall that, since the time unit is meant to
be a quarter, stock variables-like debt, capital and money balances- need
to be divided by 4 to give the annual values). In what follows, we will
depart from this solution and use it as benchmark to study the aggregate
and distributional implications of various policy experiments.

4 How we model debt consolidation

In this section, following Philippopoulos et al.(2015), we explain how we
model debt consolidation. We will assume that the government aims at
reducing the share of public debt from approximately 95%

�
� 3:8

4 100%
�

of
GDP, which is the steady state value and is also close to the data average,
to the target value of say 60%. We choose the target value of 60% simply
because it has been the reference rate of the Maastricht Treaty(we report
however that our qualitative results are not sensitive to the value of the debt
target assumed).

Obviously, debt reductions have to be accommodated by adjustments in
the tax-spending policy instruments, which, in our model, are the output
share of public spending, and the tax rates on capital income, labor income
and consumption. Debt consolidation naturally implies a trade-o � . In

16



particular, it implies an inter-temporal trade-o � between �scal pain in the
short term (i.e. spending has to fall and/or taxes have to rise) and �scal gain
in the medium and long term once the debt �nally has been reduced (i.e.
now spending can rise and/or taxes can fall).

This inter-temporal trade-o � implies that the implications of debt consol-
idation depend heavily on the mix of public �nancing policy instruments
used, namely, which policy instrument adjusts endogenously to accommo-
date the exogenous changes in �scal policy (see also e.g. Leeper et al., 2010,
for the USA). Speci�cally, these implications depend both on which policy
instrument bears the cost of adjustment in the early period of adjustment
and on which policy instrument is anticipated to reap the bene�t, once
consolidation has been achieved.

In the policy experiments considered below, we will experiment with
�scal policy mixes, which means that the �scal authorities are allowed to use
an instrument in the transition and perhaps a di � erent one in the new steady
state. For instance, let us assume that, once the public debt has been reduced
in the new reformed steady state, it is the capital tax rate that reaps the
bene�ts of the created �scal space, then, in the transition to this particular
reformed steady state, all �scal instruments are available and, consequently,
one of them can be employed, as in the policy rules in Subsection 2.5, to
bring public debt down.

In particular, we will work as follows. First, we compute all possible
reformed steady states and compare the status quo steady state solution
to each of those new reformed steady state solutions (depending on which
tax-spending instrument is residually determined by the new target value
of debt-to-GDP ratio). Then, for each possible steady state case, we study
the associated transitional dynamics. To compute the transition path, we
log-linearize the model around the steady state solution for each reformed
economy, then check its saddle-path stability and compute the equilibrium
transition path towards each of the new reformed steady states using as
initial conditions for the state variables their values in the status quo steady
state. We will use the Matlab toolbox for computing steady state solutions,
checking saddle-path stability, computing dynamics and making robustness
checks of debt consolidation (Matlab routines are available upon request).

In all cases, we will study both aggregate and distributional implications.
Regarding aggregate outcomes, we will look, for instance, at per capita
output. Regarding distribution, we will compute separately the income of
the representative capitalist vis- �a-vis that of the representative worker. In
the transition, we will work with present values of these variables. Next,
all above variables values are compared to their respective values had we
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Table 4: Values of the residual �scal policy instruments in steady state

Residual Instrument Status quo New steady state
� k 0.29 0.27
� n 0.39 0.37
� c 0.20 0.18
sg 0.24 0.25

Table 5: Output( GDP) in steady state

Residual New steady state % Change
Instrument relative to the SQ

� k 2.3648 +1.69 %
� n 2.3496 +1.04 %
� c 2.3336 +0.35 %
sg 2.3336 +0.35 %

Note: Steady state value of the output in the status quo(SQ) is 2.3255.

remained in the status quo economy permanently.

5 Results

5.1 Steady state results

We start with comparison of steady state solutions. Recall that in the SQ
steady state, �scal policy instruments were set as in the data and b

y followed

residually, while in the reformed steady state b
y is ad hoc cut to 60% so that

one of the �scal policy instruments follows residually meaning that sg is
allowed to rise or one of � k,� n,� c is allowed to fall. Table 4 reports the value
of the residual policy instrument in each case studied. They con�rm that
debt reduction allows for a tax cut and a spending rise.

Aggregate implications(e � ciency)

Results for output in the SQ and the reformed economy under various public
�nancing scenarios are shown in Table 5. As one would expect, in terms
of the aggregate economy, our numerical results imply that it is better to
allow capital taxes to take advantage of the �scal space created by debt
consolidation. The superiority of the capital tax rate is consistent with
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Table 6: Net income of capitalists and net income of workers in steady state

Residual Status quo New steady state % Changes
Instrument yk yw yk=yw yk yw yk=yw yk yw yk=yw

� k 0.866 0.209 4.145 0.905 0.212 4.261 +4.55% +1.69% +2.82%
� n 0.866 0.209 4.145 0.883 0.215 4.104 +1.99% +3.00% -0.99%
� c 0.866 0.209 4.145 0.881 0.213 4.144 +1.78% +1.80% -0.02%
sg 0.866 0.209 4.145 0.873 0.210 4.164 +0.82% +0.35% +0.47%

Note: yk and yw stand for the net income of the capitalist and worker respectively
in steady state.

the well-known result that capital taxes are particularly distorting in the
medium-run and long-run (see e.g. Judd, 1985, Chamley, 1986 and Lucas,
1990). Therefore, the most e� cient way of using the �scal space generated,
once debt has been brought down, is to cut the capital tax rate. This is as in
Philippopoulos et al.(2015), who studied aggregate e� ects only.

Distributional implications (equity)

Results for net incomes are reported in Table 6. Since there are two di� erent
income groups in the society - capitalists and workers - the income gains
from each particular structural reform may be distributed unequally. We
�rst look at the net income of each agent, yk and yw, separately.5 Our results
show that, relative to the status quo, both social groups gain from debt
consolidation independently of what the residual instrument in the new
steady state is (see Table 6).

But a key question is who gains more. Even if a policy reform produces
a win-win outcome (Pareto e � cient) here, in the sense that both yk and
yw rise relative to SQ, relative outcomes can also be important. Actually,
the political economy literature has pointed out several reasons for this,
including political ideology, envy, habits, etc. In our model, distributional
implications can be measured by changes in the ratio of net incomes, yk=yw.

Relative to the status quo, the ratio yk=yw rises, or equivalently inequality
rises, when the instrument that takes advantage of the �scal space created
in the new reformed steady state is the tax rate on capital. Thus, this
policy is Pareto e� cient, but not ”equitable”. For this reason, perhaps, we

5The net income of the capitalist is de�ned as yk
t = � � c

t ck
t + (1 � � k

t )[rk
t kk

t � 1 + dk
t ] +

+ (1 � � n
t )wk

t nk
t � � l;k

t , while that of the worker is de�ned as yw
t = � � c

t cw
t + (1 � � n

t )ww
t nw

t � � l;w
t .
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Table 7: Present value of output (GDP) over di � erent time horizons when the
residual instrument in the new steady state is the tax rate on capital( � k).

Adj.Instr. ey5 ey10 ey20 ey40 ey60 ey1

� k 11.29 22.33 43.44 81.43 114.14 220.20
� n 10.70 22.05 43.40 81.40 114.10 220.16
� c 11.11 22.27 43.52 81.50 114.21 220.27
sg 11.74 23.06 44.40 82.45 115.17 221.26

Status quo 11.30 22.23 43.02 80.43 112.71 217.37

Note: eyt stands for the sum of the discounted expected values of output (GDP) for
the next t periods after the �scal consolidation takes place.

often observe workers opposing to such a reform. In terms of equity, the
best outcome takes place when we use the �scal space created by debt
consolidation in the medium- and long-run to cut the labor tax rate. Such a
policy causes the ratio yk=yw to fall, or equivalently inequality to fall.

In sum, in the reformed steady state, a policy that increases all net
incomes and, at the same time, reduces income inequality, is to cut the labor
tax rate. On the other hand, if we focus on e � ciency only, the best way
of using the �scal space is to cut the capital tax rate; the cost of this is an
increase in income inequality.

5.2 Transition results

We next study what happens in the transition as we depart from the status
quo steady state and travel towards each one of the new reformed steady
states with lower public debt.

Aggregate implications(e � ciency)

Results for the present value of output over di � erent time horizons for all
cases (depending on what the adjusting instrument in the transition to a
new reformed steady state is) are shown in Tables 7 and 8. Every table
corresponds to a di� erent new reformed steady state depending on which
�scal policy instrument takes advantage of the �scal space created by debt
consolidation. Speci�cally, the �scal space created by debt consolidation
is used to cut the tax rate on capital in Table 7 and the tax rate on labor
in Table 8. Every row of these tables shows the present discount value of
output over di � erent time horizons depending on which instrument adjusts
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Table 8: Present value of output ( GDP) over di � erent time horizons
when the residual instrument in the new steady state is the tax rate on
labor( � n).

Adj. Instr. ey5 ey10 ey20 ey40 ey60 ey1

� k 11.36 22.36 43.30 80.99 113.48 218.87
� n 10.88 22.12 43.31 81.06 113.54 218.92
� c 11.06 22.15 43.25 81.00 113.49 218.88
sg 11.81 23.10 44.33 82.15 114.67 220.08

Status quo 11.30 22.23 43.02 80.43 112.71 217.37

Note: eyt stands for the sum of the discounted expected values of output (GDP) for
the next t periods after the �scal consolidation takes place.

Table 9: Ratio of the present value of the net income of the capitalist to that
of the worker over various time horizons when the residual instrument in
the steady state is the tax rate on capital( � k):

Steady state value in the status quo is 4.1446

Adj. Instr.
eyk

5
eyw

5

eyk
10

eyw
10

eyk
20

eyw
20

eyk
40

eyw
40

eyk
60

eyw
60

eyk
1

eyw
1

� k 3.40 3.52 3.72 3.94 4.03 4.13
� n 4.12 4.19 4.24 4.27 4.27 4.27
� c 3.99 4.08 4.15 4.20 4.22 4.24
sg 4.14 4.19 4.23 4.25 4.25 4.26

Note: eyk
t and eyw

t stand for the PV of the net income of the capitalist and the worker
respectively for the next t periods after the �scal consolidation.

to bring public debt down.
Inspection of the results in Tables 7 and 8 implies that if the criterion is

aggregate, or per capita, output (GDP), the best policy mix is to use the long
term �scal gain (namely, the �scal space created once debt has been reduced)
to cut the capital tax rate and, during the early period of �scal pain, to use
spending cuts to bring public debt down.

Distributional implications (equity)

Results for the ratio of the present value of the net income of capitalists
to that of workers over di � erent time horizons for all cases (depending on
what is the adjusting instrument in the transition to a new reformed steady

21



Table 10: Ratio of the present value of the net income of the capitalist to that
of the worker over various time horizons when the residual instrument in
the new steady state is the tax rate on labor( � n).

Steady state value in the status quo is 4.1446

Adj. Instr.
eyk

5
eyw

5

eyk
10

eyw
10

eyk
20

eyw
20

eyk
40

eyw
40

eyk
60

eyw
60

eyk
1

eyw
1

� k 3.41 3.48 3.61 3.78 3.87 3.98
� n 4.08 4.11 4.14 4.15 4.14 4.13
� c 3.81 3.90 3.98 4.03 4.05 4.08
sg 4.14 4.19 4.23 4.25 4.25 4.26

Note: eyk
t and eyw

t stand for the PV of the net income of the capitalist and the worker
respectively for the next t periods after the �scal consolidation.

state) are shown in Tables 9 and 10. Every table corresponds to a di� erent
new reformed steady state (depending on what is the �scal policy instru-
ment that takes advantage of the �scal space created by debt consolidation).
Speci�cally, the �scal space created by debt consolidation is used to cut the
tax rate on capital in Table 9 and the tax rate on labor in Table 10. Every
row of these tables shows the ratio of the present value of the net income of
capitalists to that of workers over di � erent time horizons. Furthermore, we
also check whether these values are lower or higher than the steady state
value in the status quo, 4:1446 (if they are lower than the corresponding SQ
steady state value for a reform, then this reform improves equality relative
to the status quo).

Inspection of the results in Tables 9 and 10 reveals that the best policy mix
in terms of equity arises when we use capital taxes to bring public debt down
and this is combined with labor tax cuts in the steady state. Nevertheless, as
said, this is not the most e� cient.

6 Robustness report

We �nally check the sensitivity of our results (everything reported here
is available upon request). Our results are robust to changes in all key
parameter values. In particular, we have extensively experimented with
changes in the values of the percentage of capitalists in population, vk, the
Rotemberg adjustment pricing cost parameter in the intermediate goods
�rm's problem, � p, the feedback coe� cient of the capital tax rate on public
debt, 
 k

l , the feedback coe� cient of the labor tax rate on public debt, 
 n
l ,
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the feedback coe� cient of the consumption tax rate on public debt, 
 c
l , the

feedback coe� cient of the government spending on public debt, 

g
l , the

feedback coe� cient of the nominal interest rate on in�ation, � � , whose
values are relatively unknown empirically. We report that our main results
do not change qualitatively within these ranges 0 :15 � vk � 0:3, 5 � � p � 105,
0:05 � 
 k

l � 0:30, 0:05 � 
 n
l � 0:30, 0:05 � 
 c

l � 0:30, 0:05 � 

g
l � 0:30,

0:1 � � � � 0:30. It is also worth mentioning that there is no stability with
or without debt consolidation when 


q
l , with q 2 (k;n;c;g), is zero (i.e. some

feedback reaction to debt is necessary for stability, as is common in the
literature).

7 Closing the chapter and possible extensions

In this chapter was built and solved numerically, by using Eurozone data, a
closed-economy new Keynesian D(S)GE model in which the �scal authorities
were engaged in public debt reduction over time. The emphasis was on
the aggregate and distributional implications of debt consolidation, where
agent heterogeneity, and hence distribution, had to do with the distinction
between ”capitalists” and ”workers”. Since the results have already been
written in the introduction, here I just mention a possible extension. It would
be interesting to examine what happens in an open economy context. This is
studied in the next chapter.
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Appendix A Households as capitalists

This appendix provides details and the solution of capitalist k's problem.
The mass of this type of household is 1. Each capitalist k acts competitively
to maximize expected discounted lifetime utility.

A.1 The capitalist k's problem

Each capitalist k's expected discounted lifetime utility is:

Eo

1X

t=0

� t U
�
ck
t ;nk

t ;mk
t ;gt

�
(20)

where ck
t is k's consumption at t , nk

t is k's hours of work at t , mk
t is k's end-of-

period real money balances, gt is government spending at t divided by the
number of capitalist, Eo is the rational expectations operator conditional on
the current period information set and 0 < � < 1 is the time preference rate.

We will use a utility function of the form(see also e.g. Gali, 2008):

U
�
ck
t ;nk

t ;mk
t ;gt

�
=

"
(ck

t )1� �

1 � �
� xn

(nk
t )1+�

1 + �
+ xm

(mk
t )1� �

1 � �
+ xg

(vkgt )1� �

1 � �

#

(21)

where xn, xm, xg, � , � , � , � are standard preference parameters.
The budget constraint of each k (written in nominal terms) is:

(1 + � c
t )Pt c

k
t + Pt x

k
t + Bk

t + M k
t =(1 � � k

t )[rk
t Pt k

k
t � 1 + Dk

t ]+

+ (1 � � n
t )W k

t nk
t + Rt � 1Bk

t � 1+ (22)

+ M k
t � 1 � T l;k

t

where Pt is the price index, xk
t is k's real investment at t , Bk

t is k's end-of-
period nominal government bonds at t , M k

t is k's end-of-period nominal
money holdings at t , Dk

t is k's nominal dividends paid by �rms at t , W k
t is

capitalists' nominal wage rate at t , kk
t is k's end-of-period capital at t , Rt � 1 � 1

is the gross nominal return to government bonds between t � 1 and t , rk
t � 1

is the gross real return to inherited capital between t � 1 and t , T l;k
t are the

nominal lump-sum taxes/transfers to each capitalist k from the government
at t , � c

t is the tax rate on consumption at t , � k
t is the tax rate on capital income

at t and � n
t is the tax rate on labor income at t .
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Dividing by Pt the above equation, the budget constraint of each k in real
terms is:

(1 + � c
t )ck

t + xk
t + bk

t + mk
t =(1 � � k

t )[rk
t kk

t � 1 + dk
t ]+

+ (1 � � n
t )wk

t nk
t + Rt � 1

Pt � 1

Pt
bk

t � 1+ (23)

+
Pt � 1

Pt
mk

t � 1 � � l;k
t

where, as above, small letters denote real variables, i.e.bk
t � Bk

t
Pt

;mk
t � M k

t
Pt

;dk
t �

Dk
t

Pt
;wk

t � W k
t

Pt
; � l;k

t � T l;k
t
Pt

.
The motion of physical capital for each k is:

kk
t = (1 � � )kk

t � 1 + xk
t (24)

where 0 < � < 1 is the depreciation rate of capital.

A.2 The capitalist k's optimality conditions

Each capitalist k acts competitively taking prices and policy as given.
The �rst order conditions include the budget constraint, the law of motion

of physical capital above and:

(ck
t )� �

(1 + � c
t )

= �
(ck

t+1)� �

(1 + � c
t+1)

[(1 � � ) + (1 � � k
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t+1] (25)
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xn(nk
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(1 + � c
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t (27)

xm(mk
t )� � =

(ck
t )� �

(1 + � c
t )

� �
(ck

t+1)� �

(1 + � c
t+1)

Pt

Pt+1
(28)

Eqs.(25) and (26) are the Euler equations of capital and bonds respec-
tively, Eq.(27) is the optimality condition for work hours and Eq.(28) is the
optimality condition for money balances.
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Appendix B Households as workers

This appendix provides details and the solution of worker w's problem. The
mass of this type of household is vw

vk . Each worker w acts competitively to
maximize expected discounted lifetime utility.

B.1 The worker w's problem

Workers have the same utility function as capitalists (see Eqs.(20) and (21)).
The budget constraint of each worker w in nominal terms is:

(1 + � c
t )Pt c

w
t + M w

t = (1 � � n
t )Ww

t nw
t + M w

t� 1 � T l;w
t (29)

where cw
t is w's consumption at t , nw

t is w's hours of work at t , M w
t is w's

end-of-period nominal money holdings at t , Ww
t is workers' nominal wage

rate at t and T l;w
t are the nominal lump-sum taxes/transfers to each worker

w from the government at t .
Dividing by Pt the above equation, the budget constraint of each w in real

terms is:

(1 + � c
t )cw

t + mw
t = (1 � � n

t )ww
t nw

t +
Pt � 1

Pt
mw

t� 1 � � l;w
t (30)

where small letters denote real variables e.g. ww
t � Ww

t
Pt

;mw
t � M w

t
Pt

; � l;w
t � T l;w

t
Pt

.

B.2 The worker w's optimality conditions

Each worker w acts competitively taking prices and policy as given.
The �rst order conditions include the budget constraint above and:

(cw
t )� �

xn(nw
t )�

=
1 + � c

t

(1 � � n
t )ww

t
(31)

(cw
t )� �

1 + � c
t

= �
Pt

Pt+1

"
(cw

t+1)� �

1 + � c
t+1

#

+ xm
(mw

t )1� �

1 � �
(32)

Eq.(31) is the optimality condition for work hours and Eq.(32) is the opti-
mality condition for money balances.
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Appendix C Final goods �rms

This appendix provides details and the solution of the �nal goods �rm's
problem. There is a �nal goods �rm that produces a single good and operates
in a perfectly competitive environment.

C.1 The �nal goods �rm's problem

Nominal pro�ts of the �nal goods producer are:

Pt yt �

1Z

0

Pt (f )yt (f )df (33)

where Pt (f ) is the price of variety f , yt (f ) is the production of the variety f
produced monopolistically by the intermediate goods �rm f and yt is the
production of the �nal goods �rm.

There is a �nal goods �rm and a continuum (i.e. in�nity) of intermediate
goods �rms. The latter are indexed along the unit interval. The production
function of the �nal goods is a Dixit-Stiglitz type constant returns to scale of
this form:

yt =

2
66666664

1Z

0

[yt (f )]
� � 1

� df

3
77777775

�
� � 1

(34)

where � > 0 is the elasticity of substitution across intermediate goods.

C.2 The �nal goods �rm's optimality conditions

Under perfect competition, the �nal goods �rm chooses the quantity of
every variety, yt (f ), to maximize its pro�ts (more generally it would want
to maximize the present value of expected discounted lifetime pro�ts, but
there is nothing that makes the problem interesting in a dynamic sense as it
just buys the intermediate goods period by period. Hence, equivalently, the
�nal goods �rm could maximize pro�ts period by period instead) subject
to its production function taking prices as given. The solution to the pro�t
maximization problem gives:

yt (f ) =

 
Pt (f )

Pt

! � �

yt (35)
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or equivalently:

Pt (f ) =

 
yt (f )

yt

! � 1
�

Pt (36)

Notice that, the zero pro�t condition, Pt yt =
1R

0
Pt (f )yt (f )df , along with

Eq.(35) imply for the price index:

Pt =

8
>>><
>>>:

1Z

0

[Pt (f )]1� � df

9
>>>=
>>>;

1
1� �

(37)

Appendix D Intermediate goods �rms

This appendix provides details and the solution of intermediate goods �rm
f 's problem. The mass of these �rms is normalized to 1. Each �rm f
produces a di� erentiated good of variety f under monopolistic competition
facing a Rotermberg-type nominal price rigidities.

D.1 The intermediate goods �rm f 's problem

Due to Rotemberg pricing, to the extent that an increase of �rm f 's price dif-
fers from the steady state value of in�ation rate, � , this �rm faces a quadratic

price adjustment cost, � p

2

�
Pt (f )

Pt � 1(f )� � 1
� 2

yt . As stressed in Rotemberg (1982),
this adjustment cost accounts for the negative e� ects of price changes on
the customer-�rm relationship and, consequently, creates an ine � ciency
wedge between aggregate output and demand, which is re�ected by the term
�
1 � � p

2

h
Pt (f )

Pt � 1(f )� � 1
i2� � 1

.

Nominal pro�ts of intermediate goods �rm f are(see e.g. Bi et al., 2013):

Dt (f ) = Pt (f )yt (f )� Pt r
k
t kt � 1(f )� Ww

t nw
t (f )� W k

t nk
t (f )�

� p

2

 
Pt (f )

Pt � 1(f )�
� 1

! 2

Pt yt

(38)
where nk

t (f ) is the demand of �rm f for capitalists' hours of work at t , nw
t (f )

is the demand of �rm f for workers' hours of work at t , kt (f ) is the demand
of �rm f for physical capital at t and � p is a standard parameter which
determines the degree of nominal price rigidity.
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Dividing by Pt the above equation, the intermediate goods �rm f 's pro�ts
in real terms are:

dt (f ) �
Dt (f )

Pt
=

Pt (f )
Pt

yt (f ) � rk
t kt � 1(f ) � ww

t nw
t (f ) � wk

t nk
t (f ) �

� p

2

 
Pt (f )

Pt � 1(f )�
� 1

! 2

yt

(39)

All �rms use the same technology represented by the production func-
tion(similar to e.g. Hornstein et al., 2005):

yt (f ) = At [kt � 1(f )]�
h
fnk

t (f )g� fnw
t (f )1� � g

i1� �
(40)

where At is an exogenous TFP,� is the share of capital and � is the labor
e� ciency parameter of capitalist.

Under imperfect competition, pro�t maximization by f is also subject
to the demand function coming from the solution to the �nal goods �rm's
problem, as speci�ed above, namely:

Pt (f ) =

 
yt (f )

yt

! � 1
�

Pt (41)

D.2 The intermediate goods �rm f 's optimality conditions

Following the related literature, we follow a two-step procedure. We �rst
solve a cost minimization problem, where each intermediate goods �rm f
minimizes its cost by choosing factors of production given technology and
prices. The solution will give a minimum nominal cost function, which is
a function of production factor prices and output produced by the �rm f .
In turn, given this cost function, we solve each intermediate goods �rm f 's
maximization problem by choosing its price, Pt (f ).

Eachf chooses its factors of production, kt � 1(f ), nk
t (f ), nw

t (f ), to minimize
its real cost. The above cost minimization is subject to the production
function of f , Eq.(40).

The solution to the cost minimization problem gives the following input
demand functions:

rk
t = mct �

yt (f )
kt � 1(f )

(42)

wk
t = mct � (1 � � )

yt (f )

nk
t (f )

(43)

29



ww
t = mct (1 � � )(1 � � )

yt (f )
nw

t (f )
(44)

From the three above equations, it arises that the associated minimum
real cost function of f equals mct yt (f ), where mct is its real marginal cost. It
can be shown that the real marginal cost equals:

mct =
1
At

"
rk
t

�

#� 2
666664

(
wk

t

� (1 � � )

) �

�

(
ww

t

(1 � � )(1 � � )

) 1� �
3
777775

1� �

(45)

implying that mct is common for all intermediate goods �rms since it only
depends on production factor prices, parameters and technology which are
common for all these type of �rms.

Then, intermediate goods �rm f chooses its price,Pt (f ), to maximize the
sum of discounted expected lifetime real pro�ts:

maxEo

1X

t=0

� 0;0+t

2
66664
Pt (f )
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yt (f ) � rk
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t nw
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t nk
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� 1

! 2

yt

3
77775

(46)
where � 0;0+t is a stochastic discount factor which arises from the Euler of

bonds and is de�ned as � 0;0+t =
t � 1Q

i =0

n
1
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= � t
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i =0

� �
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ck
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. The

above pro�t maximization is also subject to the demand equation that the

monopolistically competitive �rm f faces,yt (f ) =
�

Pt (f )
Pt

� � �
yt .

The �rst order condition gives:
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77775
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1 �
Pt+1(f )
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#
Pt+1(f )
Pt (f )�

yt+1 (47)

Thus, the behavior of intermediate goods �rm f is summarized by Eqs.(42),
(43), (44) and (47).

All intermediate goods �rms solve the identical problem and, conse-
quently, set the same price, Pt (f ), which implies through the Eq.(37) that
Pt (f ) = Pt .
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Appendix E Decentralized equilibrium
(given policy instruments)

We now combine all the above to solve for a Decentralized Equilibrium
(DE) for any feasible monetary and �scal policy. The DE is de�ned to be
a sequence of allocations, prices and policies such that: (i) every type of
households maximizes utility; (ii) every type of �rms maximizes pro�t; (iii)
all constraints, including the government budget constraint, are satis�ed;
and (iv) all markets clear.

The DE is summarized by the following conditions: 6
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6I have aggregated over all agents, divided by the total number of agents and, in turn,
divided all terms by vk.
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where nk
t = nk

t (f ), nw
t (f ) = vw

vk nw
t , kk

t = kk
t (f ), bt = bk

t , dk
t = dt (f ) � dt ,

Pt (f ) = Pt , yt (f ) = yt .
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Thus, we have a system of 16 equations [(D1)-(D16)] in the 16 following
endogeneous variables

[ck
t ;cw

t ;yt ;Pt ;m
k
t ;mw

t ;bk
t ;xk

t ;mct ;w
k
t ;nk

t ;ww
t ;nw

t ; rk
t ;kk

t ;dt ]
1
t=0

Conclusively, the Decentralized Equilibrium is a sequence of

[ck
t ;cw

t ;yt ;Pt ;m
k
t ;mw

t ;bk
t ;xk

t ;mct ;w
k
t ;nk

t ;ww
t ;nw

t ; rk
t ;kk

t ;dt ]
1
t=0

satisfying the equations [(D1)-(D16)], given:
a) technology [At ]

1
t=0 ,

b) initial conditions for state variables,
c) policy.

Appendix F Decentralized equilibrium

We now rewrite the above equilibrium conditions, �rst, by using the in�ation
rate rather than price level and, second, by writing total public spending and
total lump-sum taxes/transfers as shares of GDP, which are more convenient
forms.

F.1 Variables expressed in ratios

We de�ne the gross in�ation rate, � t � Pt
Pt � 1

. De�ning above the exogenous
total public spending divided by the number of capitalists as gt , we also
�nd it convenient to express it as ratio of GDP, gt = s

g
t yt . From this equation

arises that the per capita public spending is de�ned as vks
g
t yt . Additionally,

the total lump-sum taxes/transfers divided by the number of capitalists,h
� l;k

t + vw

vk � l;w
t

i
, equal sl

t yt where assl
t are de�ned the total lump-sum taxes/-

transfers as share of output. The government imposes/gives a percentage,
� l;k

t , of the total lump-sum taxes/transfers to the class of capitalists and,
at the same time, a percentage,� l;w

t � 1 � � l;k
t , to workers, where we set

� l;k
t � vk and, consequently, � l;w

t = 1 � vk = vw. In other words, transfers are
distributed to capitalists and workers according to their share in population.
From the above, it arises that � l;k

t = � l;w
t = vksl

t yt .
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F.2 Final equations

Using the above, the �nal non-linear stochastic system is:
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The �nal equilibrium system consists of the 17 equations in 17 endoge-
nous variables [ck

t ;cw
t ;yt ; � t ;m

k
t ;mw

t ;bk
t ;xk

t ;mct ;w
k
t ;nk

t ;ww
t ;nw
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t ;kk

t ;dt ; lt ]
1
t=0 .

This is given the 5 independently set monetary and �scal instruments,
[Rt ;s

g
t ; � c

t ; � k
t ; � n

t ]1
t=0 , technology, [At ]

1
t=0 , and initial conditions for the state
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variables, kk
� 1;bk

� 1;A� 1;mk
� 1;mw

� 1;R� 1; l� 1. Recall that [Rt ;s
g
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t=0 fol-

low the feedback rules speci�ed above, while [ sl
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1
t=0 remains constant and

close to its average value in the data.
Conclusively, we have a system of 22 equations [(D1')-(D22')] in the 22

following endogeneous variables
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satisfying the equations [(D1')-(D22')], given:
a) technology [At ]

1
t=0 ,

b) initial conditions for state variables kk
� 1;bk

� 1;mk
� 1;mw

� 1;R� 1; l� 1.

Appendix G Tables

In this appendix we present, in form of tables, the outcomes of our experi-
ments that are not presented in the main text. These tables have been used
for comparison reasons and led to the conclusions of our study, as they are
presented in the main text. In particular Tables 11 and 12 show what the
aggregate implications in the transition when the residual instrument in
the new reformed steady state is the tax rate on consumption and govern-
ment spending respectively. Tables 13 and 14 show what the distributional
implications in the transition when the residual instrument in the new re-
formed steady state is the tax rate on consumption and government spending
respectively.
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Table 11: Present value of output (GDP) over di � erent time horizons
when the residual instrument in the new steady state is the tax rate on
consumption( � c).

Adj. Instr. ey5 ey10 ey20 ey40 ey60 ey1

� k 11.30 22.22 43.02 80.43 112.70 217.37
� n 10.79 21.97 43.01 80.49 112.76 217.42
� c 11.00 22.01 42.96 80.45 112.73 217.39
sg 11.74 22.97 44.06 81.62 113.92 218.62

Status quo 11.30 22.23 43.02 80.43 112.71 217.37

Note: eyt stands for the sum of the discounted expected values of output (GDP) for
the next t periods after the �scal consolidation takes place.

Table 12: Present value of output (GDP) over di � erent time horizons
when the residual instrument in the new steady state is the public
spending( sg).

Adj. Instr. ey5 ey10 ey20 ey40 ey60 ey1

� k 11.30 22.23 43.02 80.43 112.71 217.37
� n 10.79 21.96 43.00 80.49 112.75 217.42
� c 10.97 21.98 42.94 80.42 112.70 217.36
sg 11.74 22.97 44.06 81.62 113.92 218.62

Status quo 11.30 22.23 43.02 80.43 112.71 217.37

Note: eyt stands for the sum of the discounted expected values of output (GDP) for
the next t periods after the �scal consolidation takes place.

Table 13: Ratio of the present value of the net income of the capitalist to that
of the worker over various time horizons when the residual instrument in
the new steady state is the tax rate on consumption( � c).

Steady state value in the status quo is 4.1446

Adj. Instr.
eyk

5
eyw

5

eyk
10

eyw
10

eyk
20

eyw
20

eyk
40

eyw
40

eyk
60

eyw
60

eyk
1

eyw
1

� k 3.46 3.52 3.64 3.81 3.90 4.02
� n 4.13 4.16 4.19 4.20 4.19 4.17
� c 3.89 3.96 4.03 4.08 4.10 4.12
sg 4.10 4.12 4.14 4.15 4.15 4.15

Note: eyk
t and eyw

t stand for the PV of the net income of the capitalist and the worker
respectively for the next t periods after the �scal consolidation.
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Table 14: Ratio of the present value of the net income of the capitalist to that
of the worker over various time horizons when the residual instrument in
the new steady state is the government spending( sg).

Steady state value in the status quo is 4.1446

Adj. Instr.
eyk

5
eyw

5

eyk
10

eyw
10

eyk
20

eyw
20

eyk
40

eyw
40

eyk
60

eyw
60

eyk
1

eyw
1

� k 3.47 3.53 3.65 3.83 3.92 4.03
� n 4.14 4.18 4.21 4.22 4.21 4.19
� c 3.85 3.94 4.03 4.09 4.11 4.13
sg 4.11 4.13 4.15 4.17 4.17 4.17

Note: eyk
t and eyw

t stand for the PV of the net income of the capitalist and the worker
respectively for the next t periods after the �scal consolidation.
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CHAPTER 3. DEBT CONSOLIDATION IN AN SMALL OPEN ECONOMY:

AGGREGATE AND DISTRIBUTIONAL IMPLICATIONS
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Debt consolidation in an small open
economy: Aggregate and distributional

implications

Abstract

This chapter builds and solves numerically a new Keynesian D(S)GE
model of a small open economy within a monetary union facing sovereign
interest rate premia due to high debt problems. In this model the �s-
cal authorities are engaged in public debt reduction over time. The
emphasis is on the aggregate and distributional implications of debt
consolidation, where income heterogeneity, and hence distribution, has
to do with the distinction between ”capitalists” and ”workers”. The
paper focuses on how these implications depend on the speci�c �scal
policy instruments used for debt consolidation. There are two key
results. First, if the criterion is aggregate, or per capita, output, the best
policy mix is to use the long term �scal gain created by debt reduction
to cut the tax rate on capital and, during the early period of �scal pain,
to use public spending cuts to bring public debt down. Second, if the
criterion is equity in net incomes, the best recipe is to use the long
term �scal gain created by debt reduction to cut the labor tax rate and,
during the early period of �scal pain, to use capital taxes to bring public
debt down.
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1 Introduction

One of the consequences of the �nancial crisis in 2008 has been the emer-
gence of the high public debt problem faced by most eurozone periphery
countries. Thus, the need for debt consolidation has come to the center of
attention emerging as a controversial issue. On one hand, proponents claim
that debt consolidation is necessary to reduce borrowing costs, restore con�-
dence and signal solvency. On the other hand, opponents claim that debt
consolidation in a period of recession further dampens demand leading to a
vicious cycle, at least, in the short term. Things become even worse for coun-
tries in a currency union regime because they lack monetary independence.
Besides, opponents of debt consolidation claim that it worsens inequality
since it is believed that �scal austerity hurts especially the relatively poor
social classes.1

In this paper, we study how public debt consolidation in a country with
high debt, sovereign premia and loss of monetary policy independence
a� ects aggregate macroeconomic outcomes and income distribution. The
study of distributional implications di � erentiates this chapter/paper from
most of the existing literature on debt consolidation. Most of the latter
has focused on aggregate implications (see e.g. Philippopoulos et al., 2017,
Coenen et al., 2008, Forni et al., 2010, Erceg and Lindé, 2013, etc.).

Considering the above, this paper provides a quantitative study of the
aggregate and distributional implications of debt consolidation in a new
Keynesian D(S)GE model of a small open economy within a monetary union.
Obviously, to study the distributional implications of debt consolidation
on incomes, we need a model with heterogeneous households. There are
many types of income heterogeneity in the literature. Here, we focus on the
distinction of households between ”capitalists” and ”workers” (see also the
previous chapter). Capitalists are de�ned to be those households who hold
assets, own the �rms and get labor income for their managerial services,
while workers are de�ned to be those households that have labor income only.
On the production side, �rms enjoy monopoly power and face Rotemberg-
type nominal price rigidities.

As is well known, the standard small open economy model with incom-
plete asset markets faces problems of stationarity. There are several ways
of inducing stationarity and convergence to a well-de�ned steady state in
the standard small open economy model (see e.g. Schmitt-Grohé and Uribe,

1The latter can be a valid argument since it is believed that spending cuts and/or tax
rises can a� ect di� erent people/groups in di � erent ways. Even a uniform change in policy
can have di� erent e� ects simply because agents are heterogeneous.
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2003). In our paper we follow the device of debt-elastic sovereign interest
rate premia. Namely, as the public debt-to-GDP ratio increases, the interest
rate at which the country borrows from the international asset market rises.

Regarding macroeconomic policy, being in a monetary union, the econ-
omy lacks monetary policy independence. Nevertheless, this country is free
to follow independent or national �scal policy. The national �scal authority
conducts its policy through simple and implementable feedback policy rules
for public spending and a number of tax rates(on consumption, capital and
labor). In particular, we assume that public spending and the tax rates on
consumption, capital and labor are all allowed to respond to the inherited
public debt-to-GDP ratio as a deviation from a target value. Assuming that
the debt policy target in the feedback policy rules is below the data average
(from around 110% to 90%), we study the aggregate and distributional im-
plications of various policies aiming at such debt consolidation. In general,
debt consolidation implies an intertemporal trade-o � : Fiscal pain in the
short term (i.e. public spending has to fall and/or taxes have to rise) and
�scal gain in the medium and long term once debt has been reduced (i.e.
now public spending can rise and/or taxes can fall).

Experimenting with various policy mixes, we study the implications of
debt consolidation at steady state as well as during the transition from the
status quo steady state to a new reformed steady state. As status quo steady
state is de�ned the solution in which the �scal policy instruments are set at
their data averages for a country like Italy over the euro period, while as new
reformed steady state is de�ned a solution in which, relative to status quo,
public spending rises or one of the tax rates is cut as a result of the �scal
space created by lower debt and zero sovereign interest-rate premia.

The model is solved numerically employing commonly used parameter
values and �scal data from the Italian economy during 2001-2016. It is
natural to quantify our model based on Italy because, although it belongs
to eurozone periphery countries facing a debt problem, it continues to
participate in the world capital market without any o � cial foreign �nancial
aid at least so far.

The main results are as follows. First, if the criterion is aggregate, or per
capita, output, the best policy mix is to use the long term �scal gain (namely,
the �scal space created once debt has been reduced) to cut the tax rate on
capital and, during the early period of �scal pain, to use spending cuts to
bring public debt down.

Second, the above policy mix is Pareto e� cient (i.e. both capitalists and
workers get better o� with this type of debt consolidation) both in the new
steady state and in the transition. But, if we care about relative gains, there
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is a “social” cost: inequality (measured by the ratio of the capitalist's to
worker's net income) rises both in the new steady state and in the transition.

Third, if the criterion is equity in net incomes (although this comes at a
lower bene�t at aggregate level relative to the above policy mix), the recipe
is to use the long term �scal gain to cut the tax rate on labor and, during the
early period of �scal pain, to use capital taxes to bring public debt down.

The rest of the paper is organized as follows. Section 2 presents the
model. Section 3 presents the data, the parameterization and the status quo
solution. Section 4 discusses methodology. The main results are in Section 5.
Section 6 suggests some possible extensions and closes the chapter. Technical
details are in an appendix.

2 Model

Our setup is a small open economy New Keynesian model with imported
and domestic goods featuring imperfect competition and Rotemberg-type
nominal price rigidities. A review of small open economy models, real or
new Keynesian, can be found in the book by Uribe and Schmitt-Groh é, 2017.
Following Schmitt-Groh é and Uribe, 2003, we make the assumption of a
debt-elastic interest-rate premium as a way to induce stationarity and close
the model. Departing from homogeneous households, we assume that this
country is populated by two types of households, capitalists and workers.

The number of each type of households and their percentages in the
population as well as the number of �rms are as follows. The economy
is composed of N k identical capitalists indexed by k = 1;2; :::;Nk, of N w

identical workers indexed by w = 1;2; :::;Nw, of N h domestic �rms indexed by
h = 1;2; :::;Nh. Similarly, there are N f foreign �rms indexed by f = 1;2; :::;Nf

where each one of them produces a variety f and owned by a foreign investor.
Assuming that each capitalist owns one domestic �rm, the total number of
capitalists equals that of domestic �rms, that is N h = N k. Also, we assume
that the number of domestic �rms equals that of foreign �rms implying that
N f = N k. Hence, the number of domestic investors (capitalists) equals that
of foreign investors, of domestic �rms and of foreign �rms. For simplicity,
we assume that the population remains constant over time and of size, N .
Furthermore, we assume that the number of capitalists and workers in the
population remains also constant over time ruling out occupational choice
and mobility across groups. Finally, the share of capitalists and workers in
the population are de�ned as vk � N k

N and vw � N w

N respectively.
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2.1 Households

There are two types of households, called capitalists and workers. Capitalists
own the domestic �rms, hold physical capital, money, internationally traded
assets, domestic government bonds and also receive labor income for their
managerial services, while workers just hold money and receive labor income
for their labor services.

2.1.1 Consumption bundles

Every household of type i 2 fk;wgin the economy can be either a capitalist,
indexed by k, or a worker, indexed by w. The quantity of variety h produced
at home country by domestic �rm h and consumed by household i is denoted
as ci;H

t (h). Using a Dixit-Stiglitz aggregator, the composite domestic good
consumed by household i , ci;H

t , consists of h varieties and is given by (see
also e.g. Forni et al., 2010):2

ci;H
t =

2
6666664

N kX

h=1

� 1
N k

� 1
�

[ci;H
t (h)]

� � 1
�

3
7777775

�
� � 1

(1)

where � > 0 is the elasticity of substitution across varieties produced in the
domestic country.

Similarly, the quantity of imported variety f produced abroad by foreign
�rm f and consumed by household i is denoted as ci;F

t (f ). Using a Dixit-
Stiglitz aggregator, the composite imported good consumed by household i ,
ci;F
t , consists of f varieties and is given by:3

ci;F
t =

2
6666664

N kX

f =1

� 1
N k

� 1
�

[ci;F
t (f )]

� � 1
�

3
7777775

�
� � 1

(2)

In turn, having de�ned ci;H
t and ci;F

t , household i 's consumption bundle,
ci
t , is de�ned as:

2Recall that, in the introduction of Section 2, we have assumed that the number of
domestic �rms (and, consequently, of domestic varieties) equals that of capitalists.

3Recall that, in the introduction of Section 2, we have assumed that the number of
foreign �rms (and, consequently, of imported varieties) equals that of domestic �rms and,
consequently, that of capitalists.
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ci
t =

�
ci;H

t

� v �
ci;F
t

� 1� v

vv(1 � v)1� v (3)

where v is the degree of preference for domestic goods (if v > 1=2, there is a
home bias).

2.1.2 Consumption expenditures, prices and terms of trade

Each household i 's total consumption expenditure is:

Pt c
i
t = PH

t ci;H
t + PF

t ci;F
t (4)

where Pt is the domestic consumer price index (CPI), PH
t is the price index

of home tradables and PF
t is the price index of foreign tradables (expressed

in domestic currency).
Each household i 's total expenditure on home and foreign goods are

respectively:4

PH
t ci;H

t =
N kX

h=1

PH
t (h)ci;H

t (h) (5)

PF
t ci;F

t =
N kX

f =1

PF
t (f )ci;F

t (f ) (6)

where PH
t (h) is the price of variety h produced at home and PF

t (f ) is the price
of variety f produced abroad, both denominated in domestic currency.

We assume that the law of one price holds meaning that each tradable
good sells at the same price at home and abroad. Thus,PF

t (f ) = St P
H �
t (f ),

where St is the nominal exchange rate (where an increase in St implies a
depreciation) and PH �

t (f ) is the price of variety f produced abroad denomi-
nated in foreign currency. A star denotes the counterpart of a variable or a
parameter in the rest-of-the world. Note that the terms of trade are denoted

as PF
t

PH
t

(= St P
H �
t

PH
t

), while the real exchange rate is denoted as St P
�
t

Pt
.

2.2 Households as capitalists

This subsection presents the problem of capitalists, k = 1;2; :::;Nk.

4Recall that, in the introduction of Section 2, we have assumed that the number of
foreign �rms(and, consequently, of imported varieties) equals that of domestic �rms(and,
consequently, that of domestic varieties) as well as that of capitalists.
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2.2.1 Capitalists' optimization problem

Each capitalist k acts competitively to maximize discounted expected lifetime
utility:

Eo

1X

t=0

� t U
�
ck
t ;nk

t ;mk
t ;gt

�
(7)

where ck
t is k's consumption bundle at t as de�ned above, nk

t is k's hours
of work at t , mk

t is k's end-of-period real money balances at t , gt is total
government spending at t divided by the number of capitalists implying
that the per capita public spending is de�ned as vkgt , Eo is the rational
expectations operator conditional on the current period information set and
0 < � < 1 is the time preference rate.

In our numerical solutions, we use a utility function of the form (see also
e.g. Gali, 2008):

U
�
ck
t ;nk

t ;mk
t ;gt

�
=

"
(ck

t )1� �

1 � �
� xn

(nk
t )1+�

1 + �
+ xm

(mk
t )1� �

1 � �
+ xg

(vkgt )1� �

1 � �

#

(8)

where xn, xm, xg, � , � , � , � are standard preference parameters.
The budget constraint of each k (written in real terms) is:

(1 + � c
t )ck

t +
PH

t

Pt
xk

t +
St P

�
t

Pt
f k
t +

� h

2

 
St P

�
t

Pt
f k
t �

SP�

P
f k

! 2

+ bk
t + mk

t =

(9)

(1 � � k
t )

"

rk
t

PH
t

Pt
kk

t � 1 + f! t
k
#

+ (1 � � n
t )wk

t nk
t + Qt � 1

St P
�
t

Pt

P�
t � 1

P�
t

f k
t � 1 + Rt � 1

Pt � 1

Pt
bk

t � 1+

+
Pt � 1

Pt
mk

t � 1 � � l;k
t

where xk
t is k's real investment at t , f k

t is the real value of k's end-of-period
internationally traded assets at t denominated in foreign currency (if nega-
tive, it denotes foreign private debt), bk

t is the real value of k's end-of-period
domestic government bonds at t , rk

t � 1 is the gross real return to inherited
physical capital between t � 1 and t , kk

t is k's end-of-period physical capital at
t , f! t

k is k's real dividends paid by domestic �rms at t , wk
t is capitalists' real

wage rate at t , Qt � 1 is the gross nominal return to international assets be-
tween t-1 and t, Rt � 1 � 1 is the gross nominal return to domestic government
bonds between t � 1 and t , � l;k

t are real lump-sum taxes/transfers to each
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k from the government at t , 0 � � c
t � 1 is the tax rate on consumption at t ,

0 � � k
t � 1 is the tax rate on capital income at t and 0 � � n

t � 1 is the tax rate

on labor income at t . Small letters denote real variables e.g. f k
t � Fk

t
P�

t
, bk

t � Bk
t

Pt
,

f! t
k �

f
 t
k

Pt
, wk

t � W k
t

Pt
, � l;k

t � T l;k
t
Pt

. Also, letters without time subscripts denote
steady state values and, again, letter with a star as superscript denotes the
counterpart of a variable in the rest-of-the world, e.g. P�

t stands for the con-
sumer price index (CPI) abroad. The parameter � h � 0 measures adjustment
costs related to private foreign assets as a deviation from their steady state
value, f k; these adjustment costs help us to avoid excess volatility and get
plausible (in line with the data) short-term dynamics for private foreign
assets following a policy reform.

The motion of physical capital for each k is:

kk
t = (1 � � )kk

t � 1 + xk
t �

�
2

0
BBBB@

kk
t

kk
t � 1

� 1

1
CCCCA

2

kk
t � 1 (10)

where 0 < � < 1 is the depreciation rate of physical capital and � � 0 is a
parameter capturing adjustment costs related to physical capital.

Therefore, each capitalist k choosesfck
t ;xk

t ;nk
t ;mk

t ;bk
t ; f k

t ;kk
t g1

t=0 to maxi-
mize Eqs.(7) and (8) subject to Eqs.(9) and (10), by taking as given prices
frk

t ;wk
t ;Qt ;Rt ;Pt ;P

H
t ;P�

t g1
t=0 , dividends ff! t

kg1
t=0 , policy variables fSt ; �

c
t ; � n

t ; � k
t ;

� l;k
t g1

t=0 , and initial conditions, fmk
� 1;bk

� 1;kk
� 1; f k

� 1g.
The �rst order conditions include the budget constraint of k, Eq.(9), the

law of motion of physical capital, Eq.(10), and:

(ck
t )� �

(1 + � c
t )

PH
t

Pt

2
666641 + �

0
BBBB@

kk
t

kk
t � 1

� 1

1
CCCCA

3
77775= �

(ck
t+1)� �

(1 + � c
t+1)

PH
t+1

Pt+1
� (11)

�

2
666664(1 � � ) + (1 � � k

t+1)rk
t+1 �

�
2

0
BBBB@
kk

t+1

kk
t

� 1

1
CCCCA

2

+ �

0
BBBB@
kk

t+1

kk
t

� 1

1
CCCCA

kk
t+1

kk
t

3
777775

(ck
t )� �

(1 + � c
t )

St
P�

t

Pt

"

1 + � h
 

St
P�

t

Pt
f k
t � S

P�

P
f k

!#

= (12)

= �
(ck

t+1)� �

(1 + � c
t+1)

Qt St+1
P�

t+1

Pt+1

P�
t

P�
t+1

(ck
t )� �

(1 + � c
t )

= �R t
Pt

Pt+1

(ck
t+1)� �

(1 + � c
t+1)

(13)
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xn(nk
t )� = (ck

t )� � (1 � � n
t )

(1 + � c
t )

wk
t (14)

xm(mk
t )� � =

(ck
t )� �

(1 + � c
t )

� �
(ck

t+1)� �

(1 + � c
t+1)

Pt

Pt+1
(15)

Eqs.(11), (12) and (13) are respectively the Euler equations of physical capital,
internationally traded assets and domestic government bonds, Eq.(14) is the
optimality condition for work hours and Eq.(15) is the optimality condition
for real money balances.

Next, each capitalist k choosesfck;H
t ;ck;F

t gto minimize its total consump-
tion expenditure, Eq.(4) for k, subject to its consumption bundle, Eq.(3) for
k, by taking as given prices, fPH

t ;PF
t g, and consumption bundle, ck

t .
The �rst order conditions include the consumption bundle of k, Eq.(3)

for k, and:
ck;H
t

ck;F
t

=
v

1 � v
PF

t

PH
t

(16)

which is the optimality condition for sharing the total consumption between
domestic and imported products.

Eq.(3) and Eq.(4) for k combined with Eq.(16) imply the following relation
for domestic consumer price index(CPI):

Pt = (PH
t )v(PF

t )1� v (17)

Finally, each capitalist k choosesfck;H
t (h);ck;F

t (f )gto minimize the sum
of its consumption expenditure on home and foreign goods, sum of Eqs.(5)
and (6) for k, subject to composite domestic and foreign good consisting of
varieties, Eqs.(1) and (2) for k, by taking as given prices, fPH

t (h);PF
t (f )g, and

consumption bundles, ck;H
t and ck;F

t .
The �rst order conditions include Eqs.(1) and (2) for k, and:

ck;H
t (h) =

ck;H
t

N k

 
PH

t

PH
t (h)

! �

(18)

ck;F
t (f ) =

ck;F
t

N k

 
PF

t

PF
t (f )

! �

(19)

Plugging Eqs.(18) and (19) into Eqs.(1) and (2) for k respectively, we get
the following relations for price indexes:
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PH
t =

8
>>><
>>>:

N kX

h=1

1
N k

[PH
t (h)]1� �

9
>>>=
>>>;

1
1� �

(20)

PF
t =

8
>>><
>>>:

N kX

f =1

1
N k

[PF
t (f )]1� �

9
>>>=
>>>;

1
1� �

(21)

Details of the above problem and its solution are in Appendix A.

2.3 Households as workers

This subsection presents the problem of workers, w = 1;2; :::;Nw.

2.3.1 Workers' optimization problem

Workers have the same utility function as capitalists (see Eqs.(7) and (8)).
Each worker w acts competitively to maximize discounted expected lifetime
utility taking prices and policy as given.

The budget constraint of each w (written in real terms) is:

(1 + � c
t )cw

t + mw
t = (1 � � n

t )ww
t nw

t +
Pt � 1

Pt
mw

t� 1 � � l;w
t (22)

where cw
t is w's consumption bundle at t as de�ned above, nw

t is w's hours of
work at t , mw

t is w's end-of-period real money balances at t , ww
t is workers'

real wage rate at t and � l;w
t are real lump-sum taxes/transfers to each w from

the government at t . Again small letters denote real variables, e.g. mw
t � M w

t
Pt

,

ww
t � Ww

t
Pt

.
Therefore, each worker choosesfcw

t ;nw
t ;mw

t g1
t=0 to maximize Eqs.(7) and

(8) indexed by w, subject to Eq.(22), by taking as given prices fww
t ;Pt g

1
t=0 ,

policy variables f� c
t ; � n

t ; � l;w
t g1

t=0 , and initial condition, mw
� 1.

The �rst order conditions include the budget constraint above, Eq.(22),
and:
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=
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Eq.(23) is the optimality condition for work hours and Eq.(24) is the opti-
mality condition for real money balances.

Next, each worker w choosesfcw;H
t ;cw;F

t gto minimize its total consump-
tion expenditure, Eq.(4) for w, subject to its consumption bundle, Eq.(3) for
w, by taking as given prices, fPH

t ;PF
t g, and consumption bundle, cw

t .
The �rst order conditions include the consumption bundle of w, Eq.(3)

for w, and:

cw;H
t

cw;F
t

=
v

1 � v
PF

t

PH
t

(25)

which is the optimality condition for sharing the total consumption between
domestic and imported products.

Eq.(3) and Eq.(4) for w combined with Eq.(25) imply the following rela-
tion for domestic consumer price index(CPI):

Pt = (PH
t )v(PF

t )1� v (26)

which, as expected, coincides with the equation of CPI derived from the
capitalist k's problem, Eq.(17).

Finally, each worker w choosesfcw;H
t (h);cw;F

t (f )gto minimize the sum of
its consumption expenditure on home and foreign goods, sum of Eqs.(5)
and (6) for w, subject to composite domestic and foreign good consisting of
varieties, Eqs.(1) and (2) for w, by taking as given prices, fPH

t (h);PF
t (f )g, and

consumption bundles, cw;H
t and cw;F

t .
The �rst order conditions include Eqs.(1) and (2) for w, and:

cw;H
t (h) =

cw;H
t

N k

 
PH

t

PH
t (h)

! �

(27)

cw;F
t (f ) =

cw;F
t

N k

 
PF

t

PF
t (f )

! �

(28)

Plugging Eqs.(27) and (28) into Eqs.(1) and (2) for w respectively, we get
the following relations for price indexes:
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which, as expected, coincide with the equations of price indexes derived
from the capitalist k's problem, Eqs.(20) and (21).

Details of the above problem and its solution are in Appendix B.

2.4 Firms

This subsection presents the problem of domestic �rms. There are N k do-
mestic �rms indexed by h = 1;2; :::;Nk. Each �rm h produces a di� erentiated
tradable good of variety h under monopolistic competition facing Rotemberg-
type nominal price rigidities (see e.g. Walsh, 2010, Wickens, Chapter 9, 2008,
and Bi et al., 2013).

2.4.1 Demand for the �rm h's product

Each �rm h faces demand for its product, yH;d
t (h). The latter comes from

domestic households' consumption and investment, cH
t (h) and xt (h) respec-

tively, where cH
t (h) �

N kP

k=1
ck;H
t (h) +

N wP

w=1
cw;H
t (h) and xt (h) �

N kP

k=1
xk

t (h), from the

government, gt (h), and from foreign households' consumption of the domes-
tic good, cF�

t (h). Thus, aggregate demand for each goodh is:
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h
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(31)

Since we have:
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we can rewrite the relation (31) as:

yH;d
t (h) =

1
N k

h
cH

t + xt + N kgt + cF�

t

i
�

 
PH

t

PH
t (h)

! �
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where cH
t �

N kP

k=1
ck;H
t +

N wP

w=1
cw;H
t is domestic households' total consumption of

home goods,xt �
N kP

k=1
xk

t is capitalists' total investment, N kgt denotes total

government purchases of domestic output and cF�

t � N kcF�
t is total consump-

tion of home goods by households in the rest of the world (i.e. domestic
country's exports) implying that cF�

t stands for this total consumption di-
vided by the number of domestic capitalists. Also notice that the law of one
price implies that in Eq.(36):

PF�

t

PF�

t (h)
=

PH
t
St

PH
t (h)
St

=
PH

t

PH
t (h)

(38)

Since aggregate demand of the economy,N kyH;d
t , is:

N kyH;d
t =

h
cH

t + xt + N kgt + N kcF�
t

i
(39)

then aggregate demand for each goodh is rewritten as:

yH;d
t (h) = yH;d

t

 
PH

t

PH
t (h)

! �

(40)

where yH;d
t , as implied by above, denotes the aggregate demand of the

economy divided by the number of capitalists.

2.4.2 Firms' optimization problem

Nominal pro�ts of each �rm h are de�ned as:

Pt f! t (h) = PH
t (h)yH

t (h)� PH
t rk

t kt � 1(h)� Ww
t nw

t (h)� W k
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t (h)yH

t (h)

(41)
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where yH
t (h) stands for the production of domestic �rm h, � H stands for the

steady state value of the gross domestic goods in�ation rate, kt � 1(h) denotes
the physical capital input chosen by �rm h, nw

t (h) denotes workers' labor
input chosen by �rm h, nk

t (h) denotes the capitalists' labor input chosen by
�rm h and � P � 0 is a parameter which determines the degree of nominal
price rigidity.

All �rms use the same technology represented by the production function
(similar to e.g. Hornstein et al., 2005, and Baxter and King, 1993):

yH
t (h) = At [kt � 1(h)]�

h
fnk

t (h)g� fnw
t (h)1� � g

i1� �
(42)

where At is an exogenous TFP, 0< � < 1 is the share of physical capital and
0 < � < 1 is the labor e� ciency parameter of the capitalist.

Pro�t maximization by �rm h is also subject to the demand for its product,
Eq.(40) as derived above. But, instead of using Eq.(40), we can equivalently
use the following equation, Eq.(43), which expresses the demand for good h
in terms of production:

yH
t (h) = yH

t

 
PH

t

PH
t (h)

! �

(43)

where yH;d
t � yH

t �

(

1 � � P

2

�
PH

t (h)
PH

t� 1(h)� H � 1
� 2

)

and with yH
t to denote the aggre-

gate output of the economy divided by the number of capitalists.
This equation can be derived by considering the equations of Subsection

2.4.1 and the following relation that associates aggregate demand of each
good h with its production by domestic �rm h:

yH;d
t (h) = yH
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8
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>>:
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� 1
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9
>>=
>>;

(44)

The term in the brackets captures the Rotemberg-type pricing cost and
re�ects the discrepancy between production and demand, as one expected in
a Rotemberg-type fashion(see e.g. Bi et a., 2013, and Lombardo et al., 2008).

Each �rm h chooses its price,PH
t (h), and its inputs, kt (h), nk

t (h), nw
t (h), to

maximize the sum of discounted expected real dividends, maxEo

1P

t=0
� 0;0+t f! t (h),

subject to the equation which is equivalent to the demand for its product,
that is Eq.(43), and its production function, Eq.(42). The objective function
of �rm h in real terms is given by:
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where � 0;0+t is a stochastic discount factor taken as given by the �rm h. This

is de�ned as � 0;0+t =
t � 1Q

i =0

n
1
Ri

o
= � t

t � 1Q
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� �
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Pi +1
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i +1

ck
i

� � � �
and arises from

the Euler of government bonds.

2.4.3 Firms' optimality conditions

Following the related literature, instead of solving the above problem, we
follow a two-step procedure. We �rst solve a cost minimization problem,
where each �rm h minimizes its cost by choosing factors of production given
technology and prices. The solution will give a minimum real cost function,
which is a function of factor prices and output produced by the �rm. In turn,
given this cost function, we solve the dynamic pro�t maximization problem
of �rm h by choosing its price.

Cost minimization problem: In the �rst stage, we solve a static cost
minimization problem, where each �rm h minimizes its cost by choosing its
factors of production, kt (h), nk

t (h), nw
t (h), subject to its production function,

Eq.(42), given technology and prices. The cost function is de�ned in real
terms as follows:

min e =

"
PH

t

Pt
rk
t kt � 1(h) + ww

t nw
t (h) + wk

t nk
t (h)

#

(46)

The solution to the cost minimization problem gives the following input
demand functions:

PH
t

Pt
rk
t kt � 1(h) = mct �y

H
t (h) (47)

wk
t nk

t (h) = mct � (1 � � )yH
t (h) (48)

ww
t nw

t (h) = mct (1 � � )(1 � � )yH
t (h) (49)
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where mct � e 0(yH
t (h)) (as we will show just below, by summing up these

three factor demand functions, the real cost is a function of production)
stands for the real marginal cost, which, by de�nition, is the derivative of
the associated minimum real cost function, e (yH

t (h)), with respect to the
production, yH

t (h).
Summing up the three above equations it arises the following relation

for the associated minimum real cost function of h:

e (yH
t (h)) = mct y

H
t (h) (50)

Where the real marginal cost, mct , it can be shown that equals:
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(51)

implying that mct is common for all �rms since it only depends on prices,
parameters and technology which are common for all �rms.

Pro�t maximization: The solution to the cost minimization problem
above gave a minimum real cost function, Eq.(50), which is a function of
prices and output produced by the �rm h. In turn, given this cost function,
we solve a dynamic pro�t maximization problem where �rm h maximizes
discounted expected lifetime real pro�ts by choosing its price, PH

t (h).
These pro�ts are de�ned as:

maxEo
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(52)
The above pro�t maximization is subject to the Eq.(43), which is equiva-

lent to the demand equation, Eq.(40), that the monopolistically competitive
�rm h faces.

The �rst order condition gives:
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Thus, the behavior of h is summarized by Eqs.(47), (48), (49) and (53).
Since, all �rms solve the identical problem, they will set the same price,

PH
t (h), which, through the Eq.(20) (which coincides with Eq.(29)), implies

that PH
t (h) = PH

t .
Details of the above problem and its solution are in Appendix C.

2.5 Government budget constraint

The period budget constraint of the ”consolidated” public sector expressed
in real terms 5 is (see Appendix D for details):
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where � l
t �

h
� l;k

t + vw

vk � l;w
t

i
are total lump-sum taxes/transfers at t divided

by the number of capitalists, mt is the end-of-period stock of real money
balances att divided by the number of capitalists, dt � Dt

Pt
is the end-of-period

total domestic real public debt (held by domestic and foreign agents) at t
divided by the number of domestic capitalists and 0 � � t � 1 is the fraction
of total real public debt held by domestic agents (capitalists) implying that

5I have aggregated over all agents, divided by the total number of agents and, in turn,
divided all terms by vk.
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0 � 1 � � t � 1 is the fraction of total real public debt held by foreign agents. 6

All other variables have been de�ned above. The parameter � g � 0 measures
adjustment costs related to domestic public debt held by foreign agents and
are similar to those of the capitalist in Eq.(9) above. Again letters without
time subscripts denote steady state values of the corresponding variables.

In each period, one of f� c
t ; � k

t ; � n
t ;gt ; �

l
t ; � t ;dt gneeds to follow residually to

satisfy the government budget constraint. We assume that this role is played
by total public debt divided by the number of capitalists, dt .

2.6 Closing the model: Debt elastic interest rate

Here we assume that the interest rate premium that the country faces when
it borrows from world capital market, Qt � Q�

t , is an increasing function of
the end-of-period total public debt as share of GDP, Dt

PH
t yH

t
, when the latter

exceeds a certain threshold,d(de�ned below). 7 In particular, following e.g.
Schmitt-Groh é and Uribe, 2003 and Garć�a-Cicco et al., 2010, we use:

Qt = Q�
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0
BBBBBB@e
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t
� d

!

� 1

1
CCCCCCA (55)

where the world interest rate, Q�
t , is exogenously given, d is an exogenous

threshold value above which the interest rate on government debt starts
rising above Q�

t and the parameter  measures the elasticity of the interest
rate premium with respect to deviations of total public debt-to-GDP ratio
from its threshold value. 8

6Total domestic public debt di � ers from country's foreign debt. The end-of-period total
public debt in nominal terms divided by the number of domestic capitalists, Dt = Bt + St F

g
t ,

can be held either by a domestic agent (capitalist), Bt = � t Dt , or by a foreign investor,
St F

g
t = (1 � � t )Dt (Recall that the number of domestic capitalists equals that of foreign

investors.). On the other hand, the country's end-of-period net foreign debt in nominal terms
divided by the number of domestic capitalists denominated in domestic currency(if negative,
it denotes liabilities), St (F

g
t � Fk

t ) = (1 � � t )Dt � St F
k
t , is the real value of domestic public debt

held by each foreign investor denominated in domestic currency, St F
g
t (if negative, it denotes

liabilities), plus the real value of domestic private debt owed by each domestic capitalist
denominated in domestic currency, � St F

k
t (if positive, it denotes assets). Notice that we

treat 0 � � t � 1 as exogenous, because, in our small open economy setup, we do not model
the behavior of foreign investors (but only that of the domestic investors).

7As we have mentioned above, this assumption is also compatible with several empirical
studies.

8The value of d can be thought of as any value of debt-to-GDP ratio above which
sustainability concerns start arising.

59



2.7 Exchange rate and �scal policy

To proceed with the solution of the model, we need to specify the exchange
rate and �scal policy regimes. Regarding the exchange rate regime, we
assume �xed exchange rate along with loss of monetary independence so that
we mimic a monetary union regime (Recall that in our model we quantify
Italy over euro years). This means that we treat nominal exchange rate,
St , as a �xed exogenous variable and the nominal interest rate of domestic
government bonds, Rt , as an endogenous variable.9 It is worth to mention
that the presence of nominal price rigidities in the transition breaks money
neutrality implying that monetary policy (exchange rate regime) matters
to real economy. Regarding �scal policy, as mentioned in Subsection 2.5,
we assume that one of the �scal policy instruments is endogenous in the
transition as residually determined by the government budget constraint. In
our experiments, this role is played by the end-of-period total real public
debt divided by the number of capitalists, dt (see below for other public
�nancing cases at the steady state).

2.8 Decentralized Equilibrium (given policy instruments)

We now combine all the above to solve for a Decentralized Equilibrium (DE)
for any feasible policy. The DE is de�ned to be a sequence of allocations,
prices and policies such that: (i) every type of households maximizes utility;
(ii) every �rm maximizes pro�t; (iii) all constraints, including the govern-
ment budget constraint and the balance of payments, are satis�ed; and (iv)
all markets clear.

Appendix F presents the dynamic DE system. It consists of 26 equations
in 26 variables [ ck
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t ;cw
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c
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1
t=0 , technology [At ]

1
t=0 ,

rest-of-the-world variables, [ cF�
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H �
t ]1

t=0 , and initial conditions for the
state variables, [kk
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� 1;d� 1;Q� 1;R� 1;mk

� 1;mw
� 1].

2.9 Rules for �scal policy instruments

Following a rule-like approach, see e.g.Schmitt-Groh é and Uribe (2007),
�scal policy is conducted through simple implementable feedback rules.
Namely, the �scal authorities adjust �scal policy instruments according

9See e.g. Erceg and Lind́e, 2013, for a similar modelling.
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to some rules reacting to an easily observable endogenous macroeconomic
indicator capturing the current liabilities state of the economy. 10 More
speci�cally, we allow all the main spending-tax policy instruments, namely,
the ratio of real government spending to real GDP, de�ned as s

g
t , and the

tax rates on consumption, capital income and labor income, � c
t ; � k

t and � n
t

respectively, to react to the beginning-of-period public liabilities to output
ratio, l t � 1, as a deviation from a target value, l , according to the following
simple linear rules: 11

s
g
t = sg � 


g
l (l t � 1 � l ) (56)

� c
t = � c + 
 c

l (l t � 1 � l ) (57)

� k
t = � k + 
 k

l (l t � 1 � l ) (58)

� n
t = � n + 
 n

l (l t � 1 � l ) (59)

where l t � 1 is de�ned as:

l t � 1 �
Rt � 1� t � 1dt � 1 + Qt � 1

St
St � 1

(1 � � t � 1)dt � 1

PH
t� 1

Pt � 1
yH

t� 1

(60)

and where, in the above rules, Eqs.(56)-(59), variables without time sub-
scripts denote policy target values and 


q
l � 0 for q = g, c, k, n are feedback

policy coe� cients on the public debt target. The rest of �scal policy instru-
ments (that is, lump-sum transfers as share of GDP, denoted as sl

t , and the
share of total public debt held by domestic capitalists, � t ) are assumed to
remain constant over time and equal to their data averages (see the next
subsection).

In the above rules, a policy target value (like sg; � c; � k; � n) will be the
value of the corresponding variable in the new reformed steady state (see
Section 4), while the debt policy target is set to a value less than in the data
(this will be the case of debt consolidation where �scal policy systematically
brings public debt down over time).

10Here the magnitude of these reaction coe� cients is set arbitrarily in a value close to
those of Philippopoulos et al., 2017, who work with optimized rules.

11For similar rules, see e.g Schmitt-Grohé and Uribe, 2007. See also EMU-Public Finances,
2011, by the European Commission for similar �scal reaction functions used in practice.
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2.10 Exogenous variables

Let us now de�ne the exogenous variables of the model. We assume that
foreign imports or equivalently domestic exports, are a function of the terms

of trade, �� t � PF
t

PH
t

, where both variables are expressed as deviations from

their steady state values, namely:

cF�
t

cF� =
� �� t

� �

� 

(61)

where 0 < 
 < 1 is a parameter that measures the terms of trade elasticity of
foreign imports. This functional form captures the idea that as the economy
becomes more competitive, due to an increase in relative prices of foreign
goods, we expect an increase in its exports. Note that the steady state value
of cF�

t , that is cF� , is exogenously speci�ed in Section 3.
As for the other rest-of-the-world variables, namely, the foreign interest

rate, Q�
t , and the gross rate of domestic in�ation in the foreign country,

� H �
t = PH �

t
PH �

t � 1
, we assume that they remain constant over time and exogenously

set at Q�
t = 1:0115 (which is the data average value - see below) and� H �

t = 1
at all t .

As for the exogenously set policy instruments, we set the nominal ex-
change rateSt at 1 (�xed exchange rate) at all t , while, the total lump-sum

transfers as share of GDP,� sl
t = �

�
� l;k

t + vw

vk � l;w
t

�
=
�

PH
t
Pt

yH
t

�
= � � l

t =
�

PH
t
Pt

yH
t

�
, and

the fraction of total public debt held by domestic capitalists, � t , are set at
their data averages values at all t .

Finally, the TFP, At , remains constant over time and equal to 1.

2.11 Final Equilibrium system and solution methodology

The �nal equilibrium system consists of the 26 equations of the DE pre-
sented in Appendix F, the 4 feedback policy rules in Subsection 2.9, the
de�nition of l t presented in Subsection 2.9 and the Eq.(61) for domestic
exports in Subsection 2.10. Transforming some variables into ratios as pre-
sented in Appendix G.1 and using 2 auxiliary variables to transform the
system into a �rst order one, we thus end up with 34 equations in 34 vari-
ables [ck

t ;ck;H
t ;ck;F

t ;cw
t ;cw;H

t ;cw;F
t ;cF�

t ;yH
t ;mk

t ;mw
t ; e! k

t ; f k
t ;xk

t ;mct ;w
k
t ;nk

t ;ww
t ;nw

t ;
rk
t ;kk

t ;kleadt ;Qt ;dt ;Rt ; lt ; � � t ; � � lag t ; � t ; �
H
t ; � �

t ;s
g
t ; � c

t ; � k
t ; � n

t ]1
t=0 . Among them,

there are 25 non-predetermined or jump variables, [ ck
t ;ck;H

t ;ck;F
t ;cw

t ;cw;H
t ;

cw;F
t ;cF�

t ;yH
t ; e! k

t ;xk
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t ;nk

t ;ww
t ;nw
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t ;kleadt ; � � t ; � t ; �
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t ; � c
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and 9 predetermined or state variables [ mk
t ;mw

t ; f k
t ;kk

t ;Qt ;dt ;Rt ; � � lag t ; lt ]
1
t=0 .

This is given TFP, lump-sum transfers as share of GDP, rest-of-the-world vari-
ables, initial conditions for the state variables and the values of coe � cients
in the feedback policy rules.

To solve this non-linear di � erence equation system, we will take a �rst
order approximation around the steady state. We will work as follows. We
�rst solve for the steady state of the model numerically employing common
parameters values and data in accordance with the Italian economy over
2001-2016. The next Section (Section 3) presents this steady state solution,
or what we call the status quo. In turn, we will study transition dynamics,
under various policy scenarios, when we depart from the status quo and
travel to a new reformed steady state with lower public debt than in the
status quo solution.

3 Data, parameterization and steady state solu-
tion

This section presents the parameterization and �scal data averages from Italy
over 2001-2016 (the exact end period for each variable may vary analogous
to data availability) which are used to solve the status quo steady state of
our model economy. Then we present this solution which it serves as a point
of departure to study policy reforms.

3.1 Parameters and policy variables

We use annual data for Italy over 2001-2016, that are taken from Eurostat.
The parameterization of the model is based on the assumption that the econ-
omy is in the deterministic steady state of the decentralized equilibrium
presented above with �scal policy instruments set at their data averages
and zero in�ation rate. Since policy instruments react to deviations of en-
dogenous macroeconomic indicators from their steady state values, feedback
policy coe� cients do not play any role at the steady state.12 In Tables 1 and
2 are reported the baseline parameters and policy variables respectively. We
report that our main results are robust to changes in these parameter values

12In this stage of our analysis, there is no intention of policy reforms, which means that
we set as target values of these macroeconomic indicators in the policy rules their status
quo steady state values. This along with the assumption that the economy is in the status
quo steady state imply that the feedback policy instruments do not play any role since the
debt gap in policy rules is zero.
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(these results are available upon request). Thus, although our numerical
experiments below are not meant to provide a rigorous quantitative study,
they illustrate the qualitative dynamic features of the model in a realistic
way.

The value of households' discount factor, � , follows from the Euler of
government bonds in steady state (which coincides with the Euler of inter-
nationally traded assets in steady state) by setting the gross interest rate
at R = Q = 1:0225 and the gross in�ation rate at 1. Note that this value of
interest rate is consistent with an interest-rate premium of 1.1% over the
German 10-year bond rate, which is the average value in the data.

The value of � implies a labor share, (1 � � ), equal to 0.62, which is the
average value in the Italian data for the period under consideration. The
parameter � , which stands for the capitalist's labor e � ciency parameter, is
set so that we obtain a reasonable value for the ratio of capitalists' wage to
workers' wage, wk

ww , which, in our model, equals 1.69. Following the related
literature, we use rather standard parameter values for the inverse of in-
tertemporal substitution elasticity, � , the inverse of Frisch labour elasticity, � ,
and the price elasticity of demand, � , which are as in Andr �es and Doménech,
2006, and Gaĺ�, 2008. The inverse of elasticity of public consumption in
utility, � , is set at 1. The real money balances elasticity, � , is taken from
Pappa and Neiss, 2005; this implies an interest-rate semi elasticity of money
demand equal to -0.29 which is a common value in this literature. Regarding
preference parameters in the utility function, � n follows from the house-
holds' labour supply condition, � m is set at 0.001 and� g is arbitrarily set at
0.1, which is a common valuation of public goods in related utility functions.
We set the Rotemberg's price adjustments cost parameter,� P, at 91.91 which
corresponds to an average frequency of price reoptimization at 15 months
(see Keen and Wang, 2007). The value of
 , in Eq.(61) for foreign imports, is
set at 0.9.

As for the threshold parameter value of d (see Eq.(55)), which determines
the public debt-to-GDP ratio above which sovereign interest-rate premia
emerge, is set at 0.9. This value is consistent with several studies which found
that in most advanced economies the adverse e� ects of public debt arise
when it is around 90 � 100% of GDP (see e.g. Philippopoulos et al., 2017,
Reinhart and Rogo� , 2010, and Checherita-Westphal and Rother, 2012).
Also, this parameter value belongs to the range of thresholds for sustainable
public debt estimated by the European Commission (2011). In turn, using
again Eq.(55), we derive the value of the associated interest-rate premium
parameter,  . Speci�cally, the value of  follows from Eq.(55) by setting the
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value for the parameter d as said just above and using data averages over
the period under consideration for the interest-rate premium as well as the
public debt-to-GDP ratio. The resulting value of  is 0.0505, which means
that a percentage point increase in the debt-to-GDP ratio leads to an increase
in the interest rate premium by 5.05 basis points. Such values are in line
with empirical �ndings for OECD countries (see e.g. Ardagna et al., 2008).

The adjustments cost parameters related to changes in private and public
foreign assets (see Eqs.(9) and (54) respectively) are both set at 0.3. As
said, this value gives plausible short-run dynamics for private foreign assets
and, in turn, for the country's net foreign debt following a policy reform.
Similarly, the value of � , measuring the capital adjustments cost, is set at 0.3.

Concerning the exogenous TFP,At , it remains at 1 for every t. Regarding
the rest-of-the world variables, � H �

t , Q�
t and cF�

t , we set their steady state
values equal to � H � � 1, Q� = 1:0115 (which is the data average in Germany)
and

h
cF�

i
=
h
ck;F + vw

vk cw;F
i

= 1:01 (which is the ratio of exports to imports in
the Italian data).

The steady state values of �scal and public �nance policy instruments,
� c

t ; � k
t ; � n

t ;s
g
t ;sl

t and � t are set at their data averages in Italy over 2001-2016.
In particular, � c; � k; � n are the e� ective tax rates on consumption, capital
and labor respectively in the Italian data over 2001-2016. Moreover, sg

and � sl , namely, government spending on goods/services and on transfer
payments as shares of aggregate output respectively, are set at their average
values in the data, 0.22 and 0.23 respectively. Note that transfer payments
are distributed to capitalists and workers according to their percentage in
population, which are vk = 0:2 and vw = 0:8 respectively. Finally, the fraction
of total public debt held by domestic private agents, � , is set at 0.64 which
is, again, its data average value.

We report that our main results are robust to changes in these values.
Thus, although our numerical simulations below are not meant to provide a
rigorous quantitative study, they illustrate the qualitative dynamic features
of the model in a realistic way.

3.2 Status quo steady state

Table 3 reports the steady state solution of the model economy when we
use the parameter values in Table 1 and the policy instruments in Table 2.
As said, in this steady state, which is called ”status quo”, all �scal policy
instruments are as in the data and total real public debt divided by the
number of capitalists, d, follows residually from the government budget
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constraint. In the fourth column of Table 3 we also present some key ratios in
the Italian data. Most of the key ratios produced by our model endogenously
are meaningful and close to their actual values. For example, the solution
for the country's net foreign debt as share of aggregate output, ef ,13 is 0.2100,
while its average value in the data is 0.2109. Also, the solution for total
public debt as share of output 14 is 1.0971, while its average value in the data
is 1.098. The status quo steady state will serve as a point of departure to
study various policy experiments.

4 Description of policy experiments

In this section, we de�ne the reformed economy, then we discuss about debt
consolidation and, �nally, we provide our solution strategy.

4.1 De�nition of the reformed economy

Our main thought experiment in this paper is the case in which the economy
departs from the status quo steady state (see Subsection 3.2 above for details),
where �scal policy instruments are as in the data, and travels to a new
reformed steady state with lower debt and no sovereign interest-rate premia.
As new reformed steady state is de�ned the case in which the public debt-to-
GDP ratio is permanently reduced so that there are no sovereign interest-rate
premia in the new steady state. In other words, in the new reformed steady
state, we set premia equal to zero, that is Q = Q� , which implies that the
output share of public debt reduces from around 110% (which is the status
quo solution) to the threshold value, d, corresponding to zero premia, that is
� � v� 1d

yH = d = 0:9. To put it di � erently, since, in our model, sovereign premia
arise whenever the public debt-to-output ratio happens to be above the 0.9
threshold value, premia are eliminated ( Q = Q� ) once debt-to-GDP ratio
reduction has reached to the value of this threshold.

In addition, we assume that, in the new reformed steady state, the coun-
try's net foreign debt position becomes zero or, equivalently, that the country

13Thus, ef � St (F
g
t � Fk

t )
PH

t yH
t

= (1� � t )Dt � St F
k
t

PH
t yH

t
= (1� � t )��

1� v
t dt � � � v�

t f k
t

yH
t

, where �� t � PF
t

PH
t

is the terms of

trade (Recall that the number of domestic capitalists equals that of foreign investors.).
Details are in Appendix.

14This is D
PH yH � � � 1� vd

yH , where �� t � PF
t

PH
t

is the terms of trade. Details in Appendix.
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ends up with a balanced trade.15 In other words, in the new reformed
steady state, we set the country's net foreign debt as share of output to zero,
ef = 0. This means that the country's net foreign debt as share of output is
permanently reduced from 0.21 (which is the status quo solution) to zero.
The �scal space created by this reduction allows government to rise public
spending or to cut one of the tax rates.16

4.2 How we model public debt consolidation

The way we model public debt consolidation is similar to that of previous
chapter. Nevertheless, it is repeated here for the reader's convenience. It
is widely recognized that debt consolidation implies a tradeo � between
short-term �scal pain and medium-term �scal gain once the debt �nally
has been reduced. In our model, during the early phase of the transition,
debt consolidation comes at the cost of increasing one of the tax rates or
reducing public spending, while in the medium- and long-run, alleviation
in the debt burden allows, other things equal, a cut in one of the tax rates
or a rise in public spending. Thus, one has to value the early costs of
stabilization vis- �a-vis the medium- and long-term bene�ts from the �scal
space created by debt consolidation. This intertemporal tradeo � also implies
that the implications of debt consolidation depend heavily on the public
�nancing policy instruments used, namely, which policy instrument adjusts
endogenously to accommodate the exogenous changes in �scal policy (see
also e.g. Leeper et al., 2010, and Davig and Leeper, 2011). Speci�cally,
these implications depend both on which �scal policy instrument bears the
cost of adjustment in the early period of adjustment and on which �scal
policy instrument is anticipated to reap the bene�t, once debt consolidation
has been achieved. In the policy experiments considered below, we will
experiment with �scal policy mixes, which means that the �scal authority
is allowed to use a �scal policy instrument in the transition and perhaps a
di � erent one in the new reformed steady state. Notice that we use one policy
instrument at a time both in the transition and in steady state to understand
the logic of our results.

We examine several cases of debt consolidation where the role of policy is
to improve either resource allocation or ”equality” by gradually reducing the
debt (public and foreign) as share of output over time as said in Subsection

15For a similar practice (namely, to assume a zero net foreign debt position in the steady
state), see e.g. Mendoza and Tesar, 2005.

16Notice that here we allow only one of the �scal policy instruments at a time to take
advantage of the �scal space created by debt reduction.
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4.1. Once debt has been reduced, in a new reformed steady state there is �scal
space to rise public spending or to cut one of the tax rates. Hence, we study
four possible new reformed steady state solutions analogous to which one of
the four �scal policy instruments takes advantage of the �scal space created
by debt consolidation. Then, for each one of these steady state solutions,
we study four transition paths analogous to which �scal policy instrument
will adjust to bring debt down during the transition to the particularly
studied new reformed steady state.17 To compute the path towards a new
reformed steady state for a case of adjusting instrument in the transition,
we should determine policy targets (that is policy variables without time
subscripts) and coe� cients in the feedback policy rules, Eqs.(56)-(59). As for
the policy targets, we set as values the new reformed steady state values of
the corresponding variables. As for the coe� cients of policy instruments on
debt gap, we set the coe� cient of the adjusting instrument in the transition
at the arbitrary value 0.1, 18 switching o � the corresponding coe� cient of
the other instruments.

Having described how we model debt consolidation, let us proceed with
the solution strategy we follow. First, we take a �rst-order approximation
of the equilibrium conditions around a new reformed steady state. Next,
we set the initial values of the (endogenous and exogenous) predetermined
variables equal to their status quo steady state values. Finally, we compute
the equilibrium transition path travelling towards a new reformed steady
state with debt consolidation. Notice that, here, it is natural to use the case
without debt consolidation (status quo steady state) as a reference regime
through which we compare the several policy reforms.

5 Results

5.1 Steady state results

We start with comparison of steady state solutions. Recall that in the status
quo (SQ) steady state, �scal policy instruments were set as in their data
averages and the public debt-to-GDP ratio followed residually, while, in
the new reformed steady state, the public debt-to-GDP ratio is cut to 90%,

17As said in the above subsection we experiment with policy mixes.
18Notice that saddle path stability is achieved under all cases studied when one of the

�scal policy instrument adjusts in the transition by setting the coe � cient of the chosen
instrument at 0.1 (switching o � the corresponding coe� cient of the other instruments).
This value is close to those found by optimized policy rules in related studies (see e.g.
Schmitt-Groh é and Uribe, 2007, and Philippopoulos et al., 2017).
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eliminating the sovereign interest premia, and the country's net foreign
debt-to-GDP ratio is cut to zero, so that one of the �scal policy instruments
can follow residually meaning that sg is allowed to rise or one of � k, � n, � c is
allowed to be cut. Table 4 reports the value of the associated residual �scal
policy instrument in each case of new reformed steady state studied as well
as in the status quo. In the two following subsections we will investigate
how the implications of debt consolidation in steady state depend on the
public �nancing policy instrument used, examining each public �nancing
case separately. Namely, we will examine which �scal policy instrument
should be used switching either to a more e� cient economy with higher
output or to a more ”equitable” economy.

Aggregate implications(e � ciency)

Results for output in the SQ and the reformed economy under various public
�nancing scenarios are shown in Table 5. As one would expect, in terms
of aggregate economy, our numerical results imply that it is better to allow
capital taxes to take advantage of the �scal space created by debt consolida-
tion. The superiority of the capital tax rate is consistent with the well-known
result that capital taxes are particularly distorting in the medium-run and
long-run (see e.g. Chamley, 1986, and Lucas, 1990). Therefore, the most
e� cient way of using the �scal space generated, once the debt has �nally
been reduced, is to cut the capital tax rate.

Distributional implications (equity)

Results for net incomes and their ratio in the SQ and the reformed economy
under various public �nancing scenarios are reported in Table 6. Since there
are two di � erent income groups in the society - capitalists and workers -
the income gains from each particular structural reform may be distributed
unequally.

Our results for each agent's net income in steady state, yk and yw,19 show
that, relative to status quo, both social groups gain from debt consolidation
independently of which the residual instrument in the new reformed steady
state is (see Table 6).

19The net income of the capitalist is de�ned as yk
t = � � c
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But a key question is who gains more. Even if a policy reform produces a
win-win outcome(Pareto e � cient), here in the sense that both yk and yw rise,
relative outcomes can also be important. Actually, the political economy lit-
erature has pointed out several reasons for this, including political ideology,
envy, habits, etc. In our model, distributional implications can be measured
by changes in the ratio of net incomes, yk=yw.

Relative to the status quo, the ratio yk=yw rises, or equivalently inequality
rises, when the instrument that takes advantage of the �scal space created
by debt consolidation in the new reformed steady state is the tax rate on
capital. Thus, this policy is Pareto e � cient, but not equitable. For this reason,
perhaps, we often observe workers opposing to such a reform. In terms of
equity, the best outcome takes place when the �scal space created by debt
consolidation in the medium- and long-run is used to cut the labor tax rate.
Such a policy causes the ratioyk=yw to fall, or equivalently inequality to fall.

In sum, in the new reformed steady state, a policy that both increases all
net incomes and reduces income inequality is to cut the labor tax rate. On
the other hand, if we focus on e� ciency only, the best way of using the �scal
space is to cut the capital tax rate. This policy, although it is Pareto e � cient,
it rises inequality relative to status quo.

5.2 Transition results

We next study what happens in the transition as we depart from the status
quo steady state and travel towards each one of the new reformed steady
states with lower (public and country's) debt and no sovereign interest rate
premia.

Aggregate implications(e � ciency)

Results for the present value of output over di � erent time horizons after the
�scal consolidation takes place are shown in Tables 7 and 8. Every table
corresponds to a di� erent new reformed steady state depending on what the
residually determined tax-spending instrument is.

Speci�cally, in Tables 7 and 8, the residually determined �scal policy
instrument in steady state are respectively the tax rate on capital, � k, and the
tax rate on labor, � n. Every row of a table, that corresponds to a di � erent case
analogous to what �scal policy instrument is used for bringing public debt
down during the transition, shows present values of output over di � erent
time horizons.
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Inspection of the results in Tables 7 and 8 implies that if the criterion is
aggregate, or per capita, output, the best policy mix is to use the long term
�scal gain (namely, the �scal space created once debt has been reduced) to
cut the capital tax rate and, during the early period of �scal pain, to use
public spending cuts to bring public debt down.

Distributional implications (equity)

Results for the ratio of the present value of the net income of capitalists to
that of workers over di � erent time horizons after the �scal consolidation
takes place are shown in Tables 9 and 10. Every table corresponds to a di� er-
ent new reformed steady state depending on what the residually determined
�scal policy instrument is. Speci�cally, in Tables 9 and 10, the residually
determined �scal policy instruments are respectively the tax rate on capital,
� k, and the tax rate on labor, � n. Every row of a table, that corresponds to a
di � erent case analogous to what �scal policy instrument is used for bringing
public debt down during the transition, shows the ratio of the present value
of the net income of capitalists to that of workers over di � erent time hori-
zons. Notice that we will check whether the value of each case is lower than
the status quo steady state value of the same time period over di� erent time
horizons (if they are lower, then this case of policy reform improves equality
relative to status quo). Our results show that, although the most e � cient
policy mix (that is, to use spending cuts during the transition and to cut the
capital tax rate in the new reformed steady state) is Pareto e� cient during
the transition (see Table 11), it rises inequality in the transition relative to
status quo (see Table 9). Alternatively, if one cares about the equity, focusing
on the case where the �scal space created by debt consolidation is used to
cut the labor tax rate (see Table 10), the best recipe is to use capital taxes to
bring public debt down, during the early period of �scal pain (this holds
independently of what the adjusting instrument in the new reformed steady
state is - see also Table 9). It is worth mentioning that this policy mix is also
Pareto e� cient during the transition, as it arises from Table 12.

In sum, the policy mix that found to be the most e � cient, although it is
Pareto e� cient, it comes at the cost of rising inequality. And all this relative
to status quo. If the criterion is equity in net incomes, the best recipe, which
is also Pareto e� cient, is to use the long term �scal space created by debt
reduction to cut the labor tax rate, and, during the early period of �scal pain,
to use capital taxes to bring public debt down.
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6 Closing the chapter and possible extensions

In this chapter was built and solved numerically a new Keynesian D(S)GE
model of a small open economy within a monetary union facing sovereign in-
terest rate premia due to debt management problem. In this model the �scal
authorities were engaged in public debt reduction over time; The emphasis
was on the aggregate and distributional implications of debt consolidation,
where income heterogeneity, and hence distribution, had to do with the dis-
tinction between ”capitalists” and ”workers”. Since the results have already
been written in the introduction, here I just mention a possible extension.
It would be interesting to examine what happens in a two-country world
economy context. This is studied in the next chapter.

Appendix A Households as capitalists

This appendix presents and solves the capitalist k's problem in some detail.
There are k = 1;2; :::;Nk identical capitalists that act competitively. Each
capitalist k faces a problem that can be solved following a two-step procedure.
Speci�cally, we �rst solve an inter-temporal problem, in which the capitalist
acts competitively to maximize discounted expected lifetime utility and,
then, an intra-temporal problem, in which he minimizes his consumption
expenditures.

A.1 Capitalists' optimization problem

Inter-temporal problem: Each capitalist k = 1;2; :::;Nk acts competitively to
maximize discounted expected lifetime utility:

Eo

1X

t=0

� t U
�
ck
t ;nk

t ;mk
t ;gt

�
(62)

where ck
t is k's consumption bundle at t as de�ned below in the intra-

temporal problem, Eq.(69), nk
t is k's hours of work at t , mk

t is k's end-of-period
real money balances at t , gt is total government spending at t divided by
the number of capitalists implying that the per capita public spending is
de�ned as vkgt , Eo is the rational expectations operator conditional on the
current period information set and 0 < � < 1 is the time preference rate.

In our numerical solutions, we use a utility function of the form (see also
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e.g. Gali, 2008):
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where xn, xm, xg, � , � , � , � are standard preference parameters.
The budget constraint of each k (written in real terms) is:
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where xk
t is k's real investment at t , f k

t is the real value of k's end-of-period
internationally traded assets at t denominated in foreign currency (if nega-
tive, it denotes foreign private debt), bk

t is the real value of k's end-of-period
domestic government bonds at t , rk

t � 1 is the gross real return to inherited
physical capital between t � 1 and t , kk

t is k's end-of-period physical capital,
f! t

k is k's real dividends paid by domestic �rms at t , wk
t is capitalists' real

wage rate at t , Qt � 1 is the gross nominal return to international assets be-
tween t-1 and t, Rt � 1 � 1 is the gross nominal return to domestic government
bonds between t � 1 and t , � l;k

t are real lump-sum taxes/transfers to each
k from the government at t , 0 � � c

t � 1 is the tax rate on consumption at t ,
0 � � k

t � 1 is the tax rate on capital income at t , 0 � � n
t � 1 is the tax rate on

labor income at t , Pt is the domestic consumer price index (CPI) at t , PH
t is

the price index of home tradables at t and St is the nominal exchange rate
(where an increase in St implies a depreciation) at t . Small letters denote

real variables e.g. f k
t � Fk

t
P�

t
, bk

t � Bk
t

Pt
, f! t

k �
f
 t

k

Pt
, wk

t � W k
t

Pt
, � l;k

t � T l;k
t
Pt

. Also,
letters with a star as superscript denote the counterpart of a variable in the
rest-of-the world, e.g. P�

t stands for the consumer price index (CPI) abroad
at t , while letters without time subscripts denote steady state values, e.g. P�

stands for the steady state value of consumer price index (CPI) abroad. The
parameter � h � 0 measures adjustment costs related to private foreign assets
as a deviation from their steady state value.

The motion of physical capital for each k is:
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where 0 < � < 1 is the depreciation rate of physical capital and � � 0 is a
parameter capturing adjustment costs related to physical capital.

Therefore, in the inter-temporal problem, each capitalist k choosesfck
t ;xk

t ;
nk

t ;mk
t ;bk

t ; f k
t ;kk

t g1
t=0 to maximize Eqs.(62) and (63) subject to Eqs.(64) and (65),

by taking as given prices frk
t ;wk

t ;Qt ;Rt ;Pt ;P
H
t ;P�

t g1
t=0 , dividends ff! t

kg1
t=0 , pol-

icy variables fSt ; �
c
t ; � n

t ; � k
t ; � l;k

t g1
t=0 , and initial conditions, fmk

� 1;bk
� 1;kk

� 1; f k
� 1g.

Intra-temporal problem: Each capitalist k minimizes the following total
consumption expenditure:

Pt c
k
t = PH

t ck;H
t + PF

t ck;F
t (66)

where ck;H
t is the composite domestic good consisting of h varieties consumed

by capitalist k as de�ned below, Eq.(70), ck;F
t is the composite imported

good consisting of f varieties consumed by capitalist k as de�ned below,
Eq.(71), andPF

t is the price index of foreign tradables (expressed in domestic
currency).

Each capitalist k's total consumption expenditure is split into total ex-
penditure on home and foreign goods respectively as follows: 20

PH
t ck;H

t =
N kX

h=1

PH
t (h)ck;H

t (h) (67)

PF
t ck;F

t =
N kX

f =1

PF
t (f )ck;F

t (f ) (68)

where the quantity of variety h produced at home country by domestic
�rm h and consumed by capitalist k is denoted asck;H

t (h), the quantity of
imported variety f produced abroad by foreign �rm f and consumed by
capitalist k is denoted asck;F

t (f ), the price of variety h produced at home is
denoted asPH

t (h) and the price of variety f produced abroad is denoted as
PF

t (f )(denominated in domestic currency).
The consumption bundle of k is de�ned as:

20Recall that, in the introduction of Section 2 in the main text, we have assumed that the
number of foreign �rms(and, consequently, of imported varieties) equals that of domestic
�rms(and, consequently, that of domestic varieties) and, in turn, that of capitalists.
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�
ck;H
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� v �
ck;F
t

� 1� v

vv(1 � v)1� v (69)

where v is the degree of preference for domestic goods (if v > 1=2, there is a
home bias).

Using a Dixit-Stiglitz aggregator, the composite domestic good consumed
by k, ck;H

t , consists of h varieties and is given by:21

ck;H
t =

2
6666664

N kX

h=1

� 1
N k

� 1
�

[ck;H
t (h)]

� � 1
�

3
7777775

�
� � 1

(70)

where � > 0 is the elasticity of substitution across varieties produced in the
domestic country. 22

Similarly, using a Dixit-Stiglitz aggregator, the composite imported good
produced abroad and consumed by eachk, ck;F

t , consists of f varieties and is
given by:23

ck;F
t =

2
6666664

N kX

f =1

� 1
N k

� 1
�

[ck;F
t (f )]

� � 1
�

3
7777775

�
� � 1

(71)

Therefore, in the intra-temporal problem, each capitalist k choosesfck;H
t ;

ck;F
t g to minimize its total consumption expenditure, Eq.(66), subject to

its consumption bundle, Eq.(69), by taking as given prices, fPH
t ;PF

t g, and
consumption bundle, ck

t . Next, each capitalist k choosesfck;H
t (h);ck;F

t (f )gto
minimize the sum of its consumption expenditure on home and foreign
goods, sum of RHS of Eqs.(67) and (68), subject to composite domestic and
foreign goods consisting of varieties, Eqs.(70) and (71), by taking as given
prices, fPH

t (h);PF
t (f )g, and consumption bundles, ck;H

t and ck;F
t .

21Recall that, in the introduction of Section 2 in the main text, we have assumed that
the number of domestic �rms (and, consequently, of domestic varieties) equals that of
capitalists.

22Note that, in our model, elasticity of substitution for varieties produced in the domestic
country is common with that for varieties produced in the foreign country.

23Recall that, in the introduction of Section 2 in the main text, we have assumed that the
number of foreign �rms (and, consequently, of imported varieties) equals that of domestic
�rms and, in turn, that of capitalists.

75



A.2 Capitalists' optimality conditions

Each capitalist k acts competitively taking prices and policy as given.
Inter-temporal problem: The �rst order conditions include the budget

constraint of k, Eq.(64), the law of motion of physical capital, Eq.(65), and:

(ck
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xn(nk
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t (75)

xm(mk
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(ck
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� �
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Eqs.(72), (73) and (74) are respectively the Euler equations of physical capital,
internationally traded assets and domestic government bonds, Eq.(75) is the
optimality condition for work hours and Eq.(76) is the optimality condition
for real money balances.

Intra-temporal problem: The �rst order conditions include the con-
sumption bundle of k, Eq.(69), the composite domestic and imported good
consumed by k, Eqs.(70) and (71) respectively, and:

ck;H
t

ck;F
t

=
v

1 � v
PF

t
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t

(77)
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t (h) =
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(78)
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ck;F
t (f ) =

ck;F
t

N k

 
PF

t

PF
t (f )

! �

(79)

Eq.(77) is the optimality condition for sharing the total consumption between
domestic and imported products, Eqs.(78) and (79) are demand equations of
capitalist for varieties produced at home and abroad respectively.

Plugging Eqs.(78) and (79) into Eqs.(70) and (71) respectively, we get the
following relations for price indexes:
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8
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>>>:
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t (f )]1� �

9
>>>=
>>>;

1
1� �

(81)

Yet, Eqs.(66), (69) and (77) imply the following relation for domestic
consumer price index(CPI):

Pt = (PH
t )v(PF

t )1� v (82)

Appendix B Households as workers

This appendix presents and solves the worker w's problem in some detail.
There are w = 1;2; :::;Nw identical workers that act competitively. Similarly
to capitalist k's problem, each worker w faces a problem that can be solved
following a two-step procedure. Speci�cally, we �rst solve an inter-temporal
problem, in which the worker acts competitively to maximize discounted
expected lifetime utility and, then, an intra-temporal problem, in which he
minimizes consumption expenditures.

B.1 Workers' optimization problem

Inter-temporal problem: Workers have the same utility function as domes-
tic capitalists (see Eqs.(62) and (63)).

The budget constraint of each worker w is in real terms:

(1 + � c
t )cw

t + mw
t = (1 � � n

t )ww
t nw

t +
Pt � 1

Pt
mw

t� 1 � � l;w
t (83)
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where again small letters denote real variables, e.g. ww
t � Ww

t
Pt

, � l;w
t � T l;w

t
Pt

.
Here cw

t is w's consumption bundle at t as de�ned below in the intra-temporal
problem, Eq:(87), mw

t is w's end-of-period real money balances at t , nw
t is

w's hours of work at t , ww
t is workers' real wage rate at t and � l;w

t are real
lump-sum taxes/transfers to w from the government at t .

Therefore, in the inter-temporal problem, each worker w choosesfcw
t ;nw

t ;
mw

t g1
t=0 to maximize Eqs.(62) and (63) for w, subject to Eq.(83), by taking

as given prices fww
t ;Pt g

1
t=0 , policy variables f� c

t ; � n
t ; � l;w

t g1
t=0 , and initial condi-

tions, mw
� 1.

Intra-temporal problem: Each worker w minimizes the following total
consumption expenditure:

Pt c
w
t = PH

t cw;H
t + PF

t cw;F
t (84)

where cw;H
t is the composite domestic good consisting of h varieties consumed

by worker w (see also Eq.(88) below) andcw;F
t is the composite imported good

consisting of f varieties consumed by worker w (see also Eq.(89) below).
Each worker w's total consumption expenditure is split into total expen-

diture on home and foreign goods respectively as follows: 24

PH
t cw;H

t =
N kX

h=1

PH
t (h)cw;H

t (h) (85)

PF
t cw;F

t =
N kX

f =1

PF
t (f )cw;F

t (f ) (86)

where the quantity of variety h produced by domestic �rm h and consumed
by worker w is denoted ascw;H

t (h) and the quantity of imported variety f
produced by foreign �rm f and consumed by worker w is denoted ascw;F

t (f ).
The consumption bundle of w is de�ned as:

cw
t =

�
cw;H

t

� v �
cw;F
t

� 1� v

vv(1 � v)1� v (87)

24Recall that, in the introduction of Section 2 in the main text, we have assumed that the
number of foreign �rms(and, consequently, of imported varieties) equals that of domestic
�rms(and, consequently, that of domestic varieties) and, in turn, that of capitalists.
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Using a Dixit-Stiglitz aggregator, the composite domestic good consumed
by w, cw;H

t , consists of h varieties and is given by:25
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N kX
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� 1
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� 1
�
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7777775
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(88)

Similarly, using a Dixit-Stiglitz aggregator, the composite imported good
consumed by w, cw;F

t , consists of f varieties and is given by:26
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� 1
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Therefore, in the intra-temporal problem, each worker w choosesfcw;H
t ;cw;F

t g
to minimize its total consumption expenditure, Eq.(84), subject to its con-
sumption bundle, Eq.(87), by taking as given prices, fPH

t ;PF
t g, and consump-

tion bundle, cw
t . Next, each worker w choosesfcw;H

t (h);cw;F
t (f )gto minimize

the sum of its consumption expenditure on home and foreign goods, sum of
RHS of Eqs.(85) and (86), subject to composite domestic and foreign goods
consisting of varieties h and f respectively, Eqs.(88) and (89) respectively, by
taking as given prices, fPH

t (h);PF
t (f )g, and consumption bundles, cw;H

t and
cw;F
t .

B.2 Workers' optimality conditions

Each worker w acts competitively taking as given prices and policy.
Inter-temporal problem: The �rst order conditions include the budget

constraint, Eq.(83), and:

(cw
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#

+ xm(mw
t )� � (91)

25Recall that, in the introduction of Section 2 in the main text, we have assumed that
the number of domestic �rms (and, consequently, of domestic varieties) equals that of
capitalists.

26Recall that, in the introduction of Section 2 in the main text, we have assumed that the
number of foreign �rms (and, consequently, of imported varieties) equals that of domestic
�rms and, in turn, that of capitalists.
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Eqs.(90) and (91) are the optimality conditions for work hours and real
money balances respectively.

Intra-temporal problem: The �rst order conditions include the con-
sumption bundle of w, Eq.(87), the composite domestic and imported goods
consumed by w, Eqs.(88) and (89) respectively, and:
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t
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(94)

Eq.(92) is the optimality condition for sharing the total consumption between
domestic and imported products, Eqs.(93) and (94) are demand equations of
domestic worker w for varieties produced at home and abroad respectively.

Plugging Eqs.(93) and (94) into Eqs.(88) and (89) respectively, we get the
following relations for price indexes:
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which, as expected, coincide with the equations of price indexes derived
from the capitalist k's problem, Eqs.(80) and (81).

Yet, Eqs.(84), (87) and (92) imply the following relation for domestic
consumer price index(CPI):

Pt = (PH
t )v(PF

t )1� v (97)

which, as expected, coincides with the equation of CPI derived from the
capitalist k's problem, Eq.(82).
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Appendix C Firms

This appendix presents and solves the �rm h's problem. There are h =
1;2; :::;Nk identical domestic �rms that each one of them produces a dif-
ferentiated tradable good of variety h under monopolistic competition and
Rotemberg-type nominal price rigidities (see Bi et al., 2013).

C.1 Demand for the �rm h's product

Each �rm h faces demand for its product, yH;d
t (h). The latter comes from

domestic households' consumption and investment, cH
t (h) and xt (h) respec-

tively, where cH
t (h) �

N kP

k=1
ck;H
t (h) +

N wP

w=1
cw;H
t (h) and xt (h) �

N kP

k=1
xk

t (h), from the

government, gt (h), and from foreign households' consumption of the domes-
tic good, cF�

t (h). Thus, aggregate demand for each goodh is:

yH;d
t (h) =

h
cH
t (h) + xt (h) + gt (h) + cF�

t (h)
i

(98)

Aggregate demand for each good h is associated with production of
domestic �rm h according to the following relation:
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where yH
t (h) stands for the production of domestic �rm h, � H stands for

the steady state value of the gross domestic goods in�ation rate and � P �
0 is a parameter which determines the degree of nominal price rigidity.
The term in the brackets captures the Rotemberg-type pricing cost and
re�ects the discrepancy between production and demand as one expected in
a Rotemberg-type fashion.

Since we have:
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we can rewrite the Eq.(98) as:

yH;d
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where cH
t �

N kP

k=1
ck;H
t +

N wP

w=1
cw;H
t is total consumption of home goods by domestic

households, xt �
N kP

k=1
xk

t is total investment, N kgt denotes total government

purchases of domestic output, and cF�

t � N kcF�

t is total consumption of home
goods by households in the rest of the world (i.e. domestic country's exports).
Also notice that the law of one price implies that in Eq.(104):
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=
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t
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(106)

Since aggregate demand,N kyH;d
t , is:

N kyH;d
t =

h
cH
t + xt + N kgt + N kcF�

t

i
(107)

then aggregate demand for each goodh is rewritten as:

yH;d
t (h) = yH;d

t

 
PH

t

PH
t (h)

! �

(108)

where yH;d
t , as implied by above, denotes the aggregate demand of the

economy divided by the number of capitalists.
Using the Eq.(99), another expression equivalent to demand for good h

in terms of production can be derived:
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where yH;d
t � yH

t �

(
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2

�
PH

t (h)
PH

t� 1(h)� H � 1
� 2

)

and with yH
t to denote the aggre-

gate output of the economy divided by the number of capitalists.
Notice that solving the �rm h's problem below, we should use Eq.(108)

as an expression for demand of goodh. However, it is more convenient for
someone to work with Eq.(109), replacing demand for good h with Eq.(108).

C.2 Firms' problem

Nominal pro�ts of each �rm h are de�ned as:

Pt f! t (h) = PH
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t (h)� PH
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(110)
where kt � 1(h) denotes the physical capital input chosen by �rm h, nw

t (h) de-
notes workers' labor input chosen by �rm h and nk

t (h) denotes the capitalists'
labor input chosen by �rm h.

All �rms use the same technology represented by the production function
(similar to e.g. Hornstein et al., 2005, and Baxter and King, 1993):

yH
t (h) = At [kt � 1(h)]�

h
fnk

t (h)g� fnw
t (h)1� � g

i1� �
(111)

where At is an exogenous TFP, 0< � < 1 is the share of physical capital and
0 < � < 1 the labor e� ciency parameter of capitalist.

Pro�t maximization by �rm h is also subject to the demand for its product,
Eq.(108), as derived above. But as we have mentioned above, instead of using
Eq.(108), we can equivalently use Eq.(109).

Each �rm h chooses its price,PH
t (h), and its inputs, kt (h), nk

t (h), nw
t (h), to

maximize the sum of discounted expected real dividends, maxEo

1P

t=0
� 0;0+t f! t (h),

subject to Eq.(109) and its production function, Eq.(111). The objective func-
tion of �rm h in real terms is given by:
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where � 0;0+t is a stochastic discount factor taken as given by the �rm h. This

is de�ned as � 0;0+t =
t � 1Q

i =0

n
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o
= � t

t � 1Q

i =0

� �
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ck
i

� � � �
and arises from

the Euler of domestic government bonds.

C.3 Firms' optimality conditions

Following the related literature, instead of solving the above problem, we
follow a two-step procedure. We �rst solve a cost minimization problem,
where each �rm h minimizes its cost by choosing factors of production given
technology and prices. The solution will give a minimum real cost function,
which is a function of factor prices and output produced by the �rm. In turn,
given this cost function, we solve the dynamic pro�t maximization problem
of �rm h by choosing its price.

Cost Minimization problem: In the �rst stage, we solve a static cost
minimization problem, where each h minimizes its cost by choosing its
factors of production, kt (h), nk

t (h), nw
t (h), subject to its production function,

Eq.(111), given technology and prices. The cost function is de�ned in real
terms as follows:

min e =

"
PH

t

Pt
rk
t kt � 1(h) + ww

t nw
t (h) + wk

t nk
t (h)

#

(113)

The solution to the cost minimization problem gives the following input
demand functions:

PH
t

Pt
rk
t kt � 1(h) = mct �y

H
t (h) (114)

wk
t nk

t (h) = mct � (1 � � )yH
t (h) (115)

ww
t nw

t (h) = mct (1 � � )(1 � � )yH
t (h) (116)

where mct � e 0(yH
t (h))27 stands for the real marginal cost which, by de�ni-

tion, is the derivative of the associated minimum real cost function, e (yH
t (h)),

with respect to the production, yH
t (h).

27As we show just below, by summing up these factor demand functions, the total cost is
a function of �rm h's output.
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Summing up the three above equations it arises the following relation
for the associated minimum real cost function of h:

e (yH
t (h)) = mct y

H
t (h) (117)

Where the real marginal cost, mct , it can be shown that equals:

mct =
1
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3
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(118)

implying that mct is common for all �rms since it only depends on prices,
parameters and technology which are common for all �rms.

Pro�t maximization: The solution to the cost minimization problem
above gave a minimum real cost function, Eq.(117), which is a function of
prices and output produced by the �rm. In turn, given this cost function, we
solve a dynamic pro�t maximization problem where each �rm h maximizes
discounted expected lifetime real pro�ts by choosing its price, PH

t (h). The
pro�ts are de�ned as:

maxEo
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t=0

� 0;0+t

2
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� 1

! 2
PH

t (h)yH
t (h)
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3
77775

(119)
The above pro�t maximization is subject to the Eq.(109), which is equiva-

lent to the demand equation, Eq.(108), that the monopolistically competitive
�rm h faces.

The �rst order condition gives:
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Thus, the behavior of h is summarized by Eqs.(114), (115), (116) and (120).
Since all �rms solve the identical problem, they will set the same price,

PH
t (h), which, through the Eq.(80) (which coincides with the Eq.(95)), implies

that PH
t (h) = PH

t .
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Appendix D Government budget constraint

This Appendix presents the government budget constraint in some detail.
We start by presenting the government's budget constraint in nominal

terms:

N kQt � 1St F
g
t � 1 + Pt

� g

2
N k

 
St F

g
t

Pt
�

SFg

P

! 2

+ N kRt � 1Bt � 1 + N kPH
t gt + N kM t � 1 =

(121)

= N kM t + � c
t

h
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t cH
t + PF

t cF
t

i
+ � k

t

h
N krk

t PH
t kk

t � 1 + Pt N
k e! k

t

i
+ � n

t

h
W k

t N knk
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t N wnw
t

i
+

+
h
N kT l;k

t + N wT l;w
t

i
+ N kBt + St N

kF
g
t

where F
g
t is the end-of-period nominal public debt held by each foreign agent

divided by their number 28 at t and expressed in foreign currency, Bt is the
end-of-period nominal public debt held by each domestic agent (capitalist)
at t , M t is the end-of-period stock of nominal money balances divided by

the number of capitalists at t and cF
t �

N kP

k=1
ck;F
t +

N wP

w=1
cw;F
t is total consumption

of imported goods by domestic households. The parameter � g � 0 captures
adjustment costs related to public foreign debt. Again letters without time
subscripts denote steady state values, e.g.P stands for the steady state value
of domestic consumer price index (CPI). The rest of the notation is as above.

Then, dividing by the domestic current CPI, Pt , and the total number of
domestic capitalists, N k, we get the government budget constraint in real
terms:
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where f
g

t � F
g
t

P�
t
, bt � Bt

Pt
, mt � M t

Pt
.

28Recall that the number of foreign investors equals that of domestic investors (capital-
ists).
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For convenience, letDt � Bt +St F
g
t denote the total nominal public debt is-

sued by the domestic government divided by the number of domestic agents
(capitalists). This debt can be held either by a domestic agent (capitalist),
� t Dt , or by a foreign agent, (1 � � t )Dt ,29 where 0 � � t � 1.30 Then, the above
government budget constraint is rewritten as:
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2
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+
PH

t

Pt
gt +

Pt � 1

Pt
mt � 1 = mt + � c

t

"
PH

t

Pt

 

ck;H
t +

vw

vk
cw;H
t

!

+
PF

t

Pt

 

ck;F
t +

vw

vk
cw;F

t

!#

+ � k
t

"

rk
t

PH
t

Pt
kk

t � 1 + f! t
k
#

+

+� n
t

"

wk
t nk

t +
vw

vk
ww

t nw
t

#

+ � l
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where dt � Dt
Pt

and � l
t � � l;k

t + vw

vk � l;w
t .31

In each period, one of f� c
t , � k

t ,� n
t , gt , � l

t , � t , dt gneeds to follow residually
to satisfy the government budget constraint.

Appendix E Equilibrium in the status quo econ-
omy

This Appendix presents in some detail the status quo equilibrium system,
given feedback policy coe� cients. We will work in steps.

29Recall that the number of foreign investors equals that of domestic investors(capitalists).
30Public debt di � ers from foreign debt. The end-of-period total public debt, written in

nominal terms, is N kDt = N kBt + St N kF
g
t , where Bt = � t Dt is domestic government bonds

held by each domestic capitalist and St F
g
t = (1 � � t )Dt denotes domestic government bonds

held by each foreign investor. On the other hand, the country's end-of-period net foreign
debt, written in nominal terms, is St (N k� F

g
t � N kFk

t ) = N k� (1 � � t )Dt � St N kFk
t , where Fk

t is
foreign assets held by each domestic capitalist (if negative, it denotes liabilities). Again,
recall that the number of domestic capitalists equals that of foreign investors.

31Assuming that the lump-sum transfers are distributed to each class of households
according to their percentage in the population, this implies that the lump-sum transfers
of a capitalist equals those of a worker, that is � l;k

t = � l;w
t . Hence, the total lump-sum

transfers divided by the number of capitalists, � l
t � � l;k

t + vw

vk � l;w
t , along with the above

relation, � l;k
t = � l;w

t , imply the equation � l;k
t = � l;w

t � vk� l
t .
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E.1 Market clearing conditions and the balance of payments

The market-clearing conditions in the domestic product market, the capital
market, the labor markets, the money market, the domestic government
bond market and the dividend market are respectively:
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The balance of payments is obtained by adding the pro�t function of
�rms, the budget constraint of households and the government budget
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constraint. Then, the balance of payments in real terms 32 is:
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where are variables that have been de�ned above.

Multiplying by parts the Eq.(108), yH;d
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since we have de�ned yH;d
t (h) = yH
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Yet, multiplying the market clearing condition in the domestic product

market, Eq.(125), by 1
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, we get:
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32I have divided by the total number of agents and, in turn, divided all terms by vk.
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where the LHS of this equation is equal to 1
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,

as we have shown above, Eq.(127).
Therefore, using the Eqs.(127) and (128), the balance of payments can be

written :
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Appendix F Decentralized equilibrium
(given policy)

We now combine all the above to solve for a Decentralized Equilibrium (DE)
for any feasible �scal policy. The DE is de�ned to be a sequence of alloca-
tions, prices and policies such that: (i) every type of household maximizes
utility; (ii) every �rm maximizes pro�t; (iii) all constraints, including the
government budget constraint and the balance of payments, are satis�ed;
and (iv) all markets clear.
The DE is summarized by the following conditions:
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Thus, we have a system of 26 equations [(D1)-(D26)] in the 26 following
variables
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H
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t ;P�
t ]1t=0

Conclusively, the Decentralized Equilibrium is a sequence of

[ck
t ;ck;H

t ;ck;F
t ;cw

t ;cw;H
t ;cw;F

t ;yH
t ;mk

t ;mw
t ; e! k

t ; f k
t ;xk

t ;mct ;w
k
t ;nk

t ;ww
t ;nw

t ;

rk
t ;kk

t ;Rt ;Qt ;dt ;Pt ;P
H
t ;PF

t ;P�
t ]1t=0

satisfying the equations [(D1)-(D26)], given:
a) technology [At ]

1
t=0 ,

b) rest-of-the-world variables [ cF�
t ;Q�

t ;P
H �
t ]1t=0 ,

c) initial conditions for state variables,
d) policy.

Appendix G Decentralized equilibrium
(given feedback policy coe � cients)

We now rewrite the above equilibrium conditions, �rst, by using the in�ation
rates rather than price levels and, second, by writing total public spend-
ing and total lump-sum taxes/transfers as shares of GDP, which are more
convenient forms.
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G.1 Transformed variables

We �rst express prices in rate form. We de�ne 5 new variables, which
are the gross domestic CPI in�ation rate, � t � Pt

Pt � 1
, the gross foreign CPI

in�ation rate, � �
t � P�

t
P�

t � 1
, the gross domestic goods in�ation rate, � H

t � PH
t

PH
t� 1

,

the gross rate of exchange rate depreciation,� t � St
St � 1

, and the terms of trade,

�� t � PF
t

PH
t

= St P
H �
t

PH
t

.33 In what follows, we use � t , � �
t , � H

t , � t , � � t instead of Pt ,

P�
t , PH

t , St , PF
t respectively.

Also, for convenience and comparison with the data, we express �scal

policy variables as shares of real GDP, PH
t
Pt

N kyH
t . In particular, using the

de�nitions above, the total public spending in real terms, PH
t
Pt

N kgt , can be

written as ratio of real GDP, as PH
t
Pt

N kgt = s
g
t

PH
t
Pt

N kyH
t , where s

g
t denotes the

output share of government spending. The total lump-sum taxes/transfers
in real terms, N k� l

t �
h
N k� l;k

t + N w� l;w
t

i
, can be written as ratio of real GDP,

asN k� l
t = sl

t
PH

t
Pt

N kyH
t , where assl

t are de�ned the lump-sum taxes/transfers
as share of output. Also, as said, assuming that the lump-sum taxes/transfers

to each capitalist and worker are equal, it implies � l;k
t = � l;w

t = vksl
t y

H
t

PH
t
Pt

.
Finally, using the Eqs.(D22),(D23) and (D24), we derive the following

equations that we will use them below to make some transformations:

�� t =
PF

t

PH
t

= St
PH �

t

PH
t

=
PH �

t

PF�
t

PH
t

Pt
= �� v� 1

t

PH �
t

P�
t

= �� 1� v�

t

PF
t

Pt
= �� v

t

PF�
t

P�
t

= �� � v�

t

33Thus, � � t
� � t � 1

=

St
St � 1

PH �
t

PH �
t � 1

PH
t

PH
t � 1

= � t �
H �
t

� H
t
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St
P�

t

Pt
= �� v+v� � 1

t

gt = s
g
t yH

t

� l
t = sl

t � �
v� 1
t yH

t

G.2 Final equations

Using the above, the �nal non-linear stochastic system is:
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The �nal equilibrium system consists of the 26 equations of the DE pre-
sented in Appendix F, the 4 feedback policy rules in Subsection 2.9 in the
main text, the de�nition of l t presented in Subsection 2.9 in the main text,
and the Eq.(61) for domestic exports in Subsection 2.10 in the main text.
Transforming some variables into ratios as presented in Appendix G.1 and
using 2 auxiliary variables to transform the system into a �rst order one, we,
thus, end up with 34 equations in 34 variables [ ck
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t=0 . This is given TFP, total lump-sum transfers as

share of GDP, rest-of-the-world variables, initial conditions for the state
variables and the values of coe� cients in the feedback policy rules.
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Conclusively, we have a system of 34 equations [(D1')-(D34')] in the 34
following variables

[ck
t ;ck;H

t ;ck;F
t ;cw

t ;cw;H
t ;cw;F

t ;cF�
t ;yH

t ;mk
t ;mw

t ; e! k
t ; f k

t ;xk
t ;mct ;w

k
t ;nk

t ;ww
t ;

nw
t ; rk

t ;kk
t ;kleadt ;Qt ;dt ;Rt ; lt ; � � t ; � � lag t ; � t ; �

H
t ; � �

t ;s
g
t ; � c

t ; � k
t ; � n

t ]1t=0

Conclusively, the Decentralized Equilibrium is a sequence of
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satisfying the equations [(D1')-(D34')], given:
a) some exogenous variables which remain constant over time such as

[At ;Q
�
t ; �

H �
t ;sl

t ]
1
t=0 ,

b) initial conditions for state variables [ kk
� 1; f k

� 1;d� 1;mk
� 1;mw

� 1;R� 1;Q� 1;
l � 1; � � lag � 1].
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Table 1: Baseline parameter values

Parameter Value Description

vk 0.2 share of capitalists in population
vw 0.8 share of workers in population
� 0.38 share of capital
� 0.19 labor e� ciency parameter of capitalist
� 0.9780 time preference rate
v 0.5 home goods bias parameter at home
v� 0.5 home goods bias parameter abroad
� 3.42 parameter related to money demand elasticity
� 0.04 capital depreciation rate

� P 91.91 Rotemberg's price adjustments cost parameter
� 6 price elasticity of demand
� 1 inverse of Frisch labor supply elasticity
� 1 inverse of intertemporal substitution elasticity
� 1 inverse of elasticity of public consumption in utility
 0.0505 interest-rate premium parameter

� m 0.001 preference parameter related to real money balances
� n 5 preference parameter related to work e � ort
� g 0.1 preference parameter related to public spending
d 0.9 threshold parameter of public debt as share of output

 0.9 terms of trade elasticity of foreign imports
� 0.3 adjustment cost parameter on physical capital

� g 0.3 adjustment cost parameter on foreign public debt
� h 0.3 adjustment cost parameter on private foreign assets/debt
� 0.64 fraction of total public debt held by domestic agentsh

cF�
t

i
=
h
ck;F + vw

vk cw;F
i

1.01 exports to imports ratio



g
l 0.1 coe� cient of government spending on debt gap


 c
l 0 coe� cient of consumption tax rate on debt gap


 k
l 0 coe� cient of capital tax rate on debt gap


 n
l 0 coe� cient of labor tax rate on debt gap
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Table 2: Policy variables (data average values)

Parameter Value Description

R 1.0225 long-run nominal interest rate
� c 0.18 consumption tax rate
� k 0.31 capital tax rate
� n 0.42 labor tax rate
sg 0.22 government spending as share of output
sl -0.23 lump-sum taxes/transfers as share of output
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Table 3: ”Status quo” steady state solution

Variables Description Steady state solution Data

yH output 1.9829

ck consumption of
capitalist

0.5366

cw consumption of
private worker

0.1807

nk labor of capitalist 0.1908
nw labor of worker 0.3361

vknk + vwnw weight average of
labor

0.3070 0.2183

kk physical capital 6.9148

wk real wage rate of
capitalist

1.0391

ww real wage rate of
worker

0.6165

wk

ww real wage rates ratio 1.6854
rk real return to capital 0.0908
�� terms of trade 0.9952

Q � Q� interest rate
premium

0.0110 0.0110

ck+ vw

vk cw

yH � � v� 1
total consumption as

share of GDP
0.6336 0.5961

k
yH

physical capital as
share of GDP

3.4872

d
yH � � v� 1

total public debt as
share of GDP

1.0971 1.098

f k� � v�

yH
t

private foreign assets
as share of GDP

0.1849 0.1039

ef �
(1� � )d
�� v� 1 � f k� � v�

yH
t

country's net foreign
debt as share of GDP

0.2100 0.2109

yk income of capitalist 0.8139

yw income of private
worker

0.1807

Note: Parameters and policy variables as in Tables 1 and 2.
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Table 4: Values of the residual �scal policy instruments in steady state

Residual Instrument Status quo New steady state
� k 0.3118 0.2929
� n 0.4210 0.4018
� c 0.1756 0.1593
sg 0.2222 0.2306

Table 5: Output( GDP) in steady state

Residual New steady state % Change
Instrument relative to the SQ

� k 2.2957 +15.7754 %
� n 2.2800 +14.9842 %
� c 2.2615 +14.0485 %
sg 2.2615 +14.0485 %

Note: Steady state value of the output in the status quo(SQ) is 1.9829.

Table 6: Net income of capitalists and net income of workers in steady state

Residual New steady state % Changes from staus quo steady state
Instrument yk yw yk=yw yk yw yk=yw

� k 0.9461 0.2077 4.5557 +16.2477% +14.9218% +1.1537%
� n 0.9242 0.2101 4.3983 +13.5530% +16.2759% -2.3418%
� c 0.9205 0.2075 4.4370 +13.0984% +14.8012% -1.4832%
sg 0.9130 0.2046 4.4628 +12.1782% +13.2076% -0.9093%

Note: yk stands for the net income of the capitalist in steady state and yw stands
for the net income of the worker in steady state. The values of yk, yw and yk=yw in
status quo steady state are 0.8139, 0.1807 and 4.5038 respectively.
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Table 7: Present value of output (GDP) over di � erent time horizons when
the residual instrument in steady state is the tax rate on capital( � k).

Adj.Instr. ey5 ey10 ey20 ey40 ey60 ey80 ey1

� k 10.3397 20.1413 38.4035 70.0101 95.6404 116.2145 176.2069
� n 10.2226 20.0098 38.3062 69.9519 95.6025 116.2000 176.2506
� c 10.2471 20.0707 38.3624 70.0205 95.7142 116.3489 176.4509
sg 10.3394 20.2719 38.7149 70.4200 96.1282 116.7796 176.8966

Status quo 9.4879 17.9770 32.3684 53.1127 66.4074 74.9276 89.0556

Note: eyt stands for the discounted expected value of output (GDP) for the next t
periods after the �scal consolidation takes place.

Table 8: Present value of output (GDP) over di � erent time horizons when
the residual instrument in steady state is the tax rate on labor( � n).

Adj. Instr. ey5 ey10 ey20 ey40 ey60 ey80 ey1

� k 10.3462 20.1461 38.3785 69.8676 95.3634 115.8150 175.4147
� n 10.2320 20.0166 38.2810 69.8120 95.3320 115.8087 175.4659
� c 9.9797 19.9474 38.2166 69.7534 95.3146 115.8255 175.5222
sg 10.3467 20.2844 38.7126 70.3178 95.8921 116.4164 176.1293

Status quo 9.4879 17.9770 32.3684 53.1127 66.4074 74.9276 89.0556

Note: eyt stands for the discounted expected value of output (GDP) for the next t
periods after the �scal consolidation takes place.

Table 9: Ratio of the present value of the net income of the capitalist to that
of the worker over various time horizons when the residual instrument in
steady state is the tax rate on capital( � k).

Adj. Instr.
eyk

5
eyw

5

eyk
10

eyw
10

eyk
20

eyw
20

eyk
40

eyw
40

eyk
60

eyw
60

eyk
80

eyw
80

eyk
1

eyw
1

� k 4.2116 4.3348 4.4476 4.5057 4.5192 4.5248 4.5341
� n 4.4115 4.4617 4.5105 4.5439 4.5555 4.5600 4.5618
� c 4.4907 4.4828 4.5205 4.5492 4.5573 4.5598 4.5600
sg 4.4622 4.4707 4.5048 4.5372 4.5465 4.5494 4.5519

Status quo 4.5038 4.5038 4.5038 4.5038 4.5038 4.5038 4.5038

Note: eyk
t and eyw

t stand for the PV of the net income of the capitalist and that of the
worker respectively for the next t periods after the �scal consolidation.
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Table 10: Ratio of the present value of the net income of the capitalist to that
of the worker over various time horizons when the residual instrument in
steady state is the tax rate on labor( � n).

Adj. Instr.
eyk

5
eyw

5

eyk
10

eyw
10

eyk
20

eyw
20

eyk
40

eyw
40

eyk
60

eyw
60

eyk
80

eyw
80

eyk
1

eyw
1

� k 4.0780 4.1911 4.2955 4.3498 4.3628 4.3683 4.3775
� n 4.2823 4.3235 4.3645 4.3918 4.4010 4.4044 4.4051
� c 4.6377 4.3754 4.3941 4.4096 4.4109 4.4100 4.4066
sg 4.3325 4.3310 4.3565 4.3831 4.3909 4.3933 4.3953

Status quo 4.5038 4.5038 4.5038 4.5038 4.5038 4.5038 4.5038

Note: eyk
t and eyw

t stand for the PV of the net income of the capitalist and that of the
worker respectively for the next t periods after the �scal consolidation.

Table 11: Present values of the net income of the capitalist (eyk
t ) and of the

worker ( eyw
t ) over various time horizons ( t ) when the adjusting instrument

in the transition is public spending ( sg) and the residual instrument in
steady state is the tax rate on capital( � k).

t = 10 t = 20 t = 40 t = 80 t ! 1
eyk

t 8.842 (7.378) 16.820 (13.285) 30.288 (21.799) 49.586 (30.753) 74.383 (36.551)
eyw

t 1.978 (1.638) 3.734 (2.950) 6.675 (4.840) 10.899 (6.828) 16.341 (8.116)

Note: The values of the corresponding variables in the status quo are in parentheses.

Table 12: Present values of the net income of the capitalist (eyk
t ) and of the

worker ( eyw
t ) over various time horizons ( t ) when the adjusting instrument

in the transition is the tax rate on capital ( � k) and the residual instru-
ment in steady state is the tax rate on labor( � n).

t = 10 t = 20 t = 40 t = 80 t ! 1
eyk

t 8.437 (7.378) 16.219 (13.285) 29.360 (21.799) 48.142 (30.753) 72.323 (36.551)
eyw

t 2.013 (1.638) 3.776 (2.950) 6.750 (4.840) 11.021 (6.828) 16.522 (8.116)

Note: The values of the corresponding variables in the status quo are in parentheses.
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CHAPTER 4. DEBT CONSOLIDATION AND ITS CROSS-COUNTRY EFFECTS:

AGGREGATE AND DISTRIBUTIONAL IMPLICATIONS
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Debt consolidation and its cross-country
e� ects: Aggregate and distributional

implications

Abstract

This chapter builds and solves numerically a New Keynesian D(S)GE
model consisting of two heterogeneous countries participating in a mon-
etary union. We study how public debt consolidation in a country with
high debt and in a country with solid public �nances a � ects each other's
aggregate macroeconomic outcomes as well as income distribution. The
emphasis is on the aggregate and distributional implications of debt
consolidation, where income heterogeneity in both countries, and hence
distribution, has to do with the distinction among ”capitalists”, ”pri-
vate workers” and ”public employees”. The paper focus on how these
implications depend on the speci�c �scal policy instrument used for
debt consolidation. There are two key results. First, if the criterion is
aggregate, or per capita, output, the best policy mix for both countries
is to use the long term �scal gain created by debt reduction to �nance
an increase in public investment spending and, during the early period
of �scal pain, to use public consumption spending cuts to bring public
debt down. Second, if the criterion is equity in net incomes, the best
recipe for both countries is to use the long term �scal gain created by
debt reduction to cut the labor tax rate and, during the early period of
�scal pain, to use capital taxes to bring public debt down.
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1 Introduction

The 2008 world crisis has, among other things, brought into the spotlight
the need for debt consolidation in several eurozone periphery countries. 1

For reasons related to sustainability and loss of con�dence, these countries 2

have been forced to take restrictive �scal policy measures which have further
dampened demand in the short term and hurt especially relatively poor
income groups. On the other hand, �scal policy in eurozone center countries,
like Germany, has been neutral.3

In this paper, we study how public debt consolidation in a country with
high debt and sovereign premia and in a country with solid public �nances
(which can go for mild consolidation) a � ects each other's aggregate macroe-
conomic outcomes as well as income distribution. The study of distributional
implications di � erentiates this chapter/paper from most of the existing lit-
erature on debt consolidation. Most of the latter has focused on aggregate
implications only (see e.g. Philippopoulos et al., 2017, Coenen et al., 2008,
Forni et al., 2010, Erceg and Lindé, 2013 etc.).

In light of the above, this paper provides a quantitative study of the
aggregate and distributional implications of debt consolidation in a New
Keynesian D(S)GE model consisting of two heterogeneous countries forming
a currency union. Country heterogeneity takes the form of weak public
�nances and external debt in one country and sound public �nances and
external assets in the other country and this is re�ected in sovereign interest
rate premia. Obviously, to study the distributional implications of debt
consolidation within each country, we need a model with heterogeneous
households. There are many types of income heterogeneity in the literature.
Here, we focus on the distinction among ”capitalists”, ”private workers”
and ”public employees”. Capitalists are de�ned to be those households who
hold assets, own the private �rms and get labor income for their managerial
services. Private workers and public employees are de�ned to be those
households that are employed in private and public sector respectively and
have labor income only. The labor of public employees, together with goods
purchased from the private sector, are used by the state-owned �rm as inputs
in the production of public goods and services. On the private production
side, �rms enjoy monopoly power and face Rotemberg-type nominal price
rigidities, while their productivity is enhanced by the public investment in
infrastructure.

1See e.g. EMU-Public Finances (2015) by the European Commission.
2Speci�cally, these countries are Greece, Italy, Portugal, Spain and Cyprus.
3See e.g.EMU-Public Finances (2015) by the European Commission.
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As for macroeconomic policy, monetary policy is common for the mone-
tary union. On the other hand, countries in the monetary union can follow
their �scal policy independently (national �scal policies). Following a rule-
like approach to policy, we assume that �scal policy is conducted via simple
implementable feedback policy rules. In particular, we assume that, in each
country, each category of public spending and tax rates is allowed to respond
to the inherited public debt-to-GDP ratio as a deviation from a policy target.
Debt consolidation means that the target is lower than the average in the
data.

The model is solved numerically employing commonly used parameter
values and �scal data from Germany (called the home country) and Italy
(called the foreign country) over the euro years. As we will see later, the
steady state solution of this model gives well de�ned values of the great
ratios for these economies over the euro years. This solution is used as a
point of departure to study the dynamics driven by debt consolidation in
both countries (Germany also goes for mild consolidation).

The main results are as follows. First, as expected, if �scal policy in both
countries remained unchanged as in their data averages over the examined
period, then the model would be dynamically unstable. In other words,
in both countries, at least one of the �scal policy instruments (spending
cuts and/or tax rises) should react to public debt imbalances for restoring
dynamic stability.

Second, if the criterion is aggregate, or per capita, output, the best policy
mix for both countries is to use public consumption spending cuts to bring
public debt down during the early period of �scal pain and, once debt has
been reduced, to use the long term �scal space created by debt consolidation
to �nance an increase in public investment spending. This policy mix, when
followed by both countries, is productive for both countries, relative to status
quo, along the transition to the new reformed steady state.

Third, the above policy mix, when followed by both countries, also
improves equality (as measured by relative net incomes) vis- �a-vis the status
quo in both countries. However, a policy mix that could improve equity
even further in both countries would be to use the long term �scal space
created by debt consolidation to cut the tax rate on labor and, during the
early period of �scal pain, to use the tax rate on capital to bring public debt
down.

The rest of the paper is organized as follows. Section 2 presents the
model. The status quo steady state solution as well as the parameterization
and data used for its solution are in Section 3. Section 4 discusses the solution
methodology. The main results are in Section 5. Section 6 closes the chapter
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and gives some possible extensions. Technical details are in an appendix.

2 A two-country model of a currency union

This section sets up a New Keynesian D(S)GE model consisting of two
heterogeneous countries populated by heterogeneous households. The two
countries form a monetary union. The model is as in Philippopoulos et
al.(2017). However, here we di� er in that we distinguish between di � erent
types of agents, including public employees, allowing for the study of the
distributional implications of debt consolidation. We start with an informal
description of the model and discussion of its key assumptions.

2.1 Informal description of the model and discussion of key
assumptions

In this model there are two countries that form a closed system in a New
Keynesian setup. In a regime of a currency union, there is a single monetary
authority or central bank and a 'world' �nancial intermediary. In each
country, there are heterogeneous households, private and state-owned �rms
and a national �scal authority or government.

There are three types of households in each country, called 'capitalists',
'private workers' and 'public employees'. Capitalists own the private �rms,
hold private physical capital, money, internationally traded assets, domes-
tic government bonds and also receive labor income for their managerial
services. Both private workers and public employees just hold money and
receive labor income for their labor services.

On the production side, as we said above, there is a state-owned �rm and
a number of private �rms. The state-owned �rm uses public employees' la-
bor and goods purchased from the private sector as inputs to produce public
goods and services. Private �rms combine capitalists' and private workers'
labor with private and public physical capital (public infrastructure) for
the production of private goods. Each private �rm produces a di � erenti-
ated tradable private good and, consequently, acts monopolistically facing
Rotemberg-type nominal price rigidities. Nominal price rigidities give a real
role to monetary and exchange rate policy, at least in the transition path.

Monetary policy is common for both countries, while �scal policy is
conducted independently (national �scal policies). Both monetary and
�scal policy are conducted by simple implementable state-contingent policy
rules. Regarding monetary policy, the single monetary authority follows
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a Taylor-type rule for the nominal interest rate. Regarding �scal policy, in
each country, the national �scal authority can use a menu of �scal policy
instruments that are allowed to respond to the inherited public debt-to-GDP
ratio as deviation from a target value.

The market for internationally traded assets allows national governments
to borrow from foreign capitalists (selling their bonds abroad) as well as one
country's capitalists to borrow (lend) from (to) other country's capitalists. 4

All this international borrowing/lending takes place through a �nancial
intermediary which faces a transaction cost that is proportional to the coun-
try's debt. 5 In turn, this cost creates a wedge between the interest rate that
faces the agents (capitalists) of debtor's country and those of creditor's coun-
try. Consequently, capitalists in the debtor country face a higher interest rate
in the international asset market than the capitalists in the creditor country. 6

Any pro�t of the �nancial intermediary is rebated lump-sum to capitalists
in the creditor country.

To model a monetary union consisting of a country that is a system-
atic debtor (Italy) in the international asset market and another that is a
systematic creditor (Germany), we need to introduce some type of hetero-
geneity. There are several ways to produce systematic borrowers and lenders,
but, here, following e.g.Philippopoulos et al.(2017), we assume that agents
(across countries) di� er in their patience about the future or, equivalently, in
their discount factors. Speci�cally, we assume that households in Germany,
which is a systematic creditor, have higher discount factors than households
in Italy, which is a systematic debtor.

The number of each type of households and their percentages in the
population as well as the number of private �rms are as follows. The home
economy is composed ofN k identical capitalists indexed by k = 1;2; :::;Nk, of
N w identical private workers indexed by w = 1;2; :::;Nw and of N b identical
public employees or bureaucrats indexed by b = 1;2; :::;Nb. We also have
N h domestic private �rms indexed by h = 1;2; :::;Nh, where we assume that
each domestic capitalist owns one domestic private �rm, so that N k = N h.
Similarly, in the foreign economy. For simplicity, we assume that the number
of agents in the domestic country, N , equals that in the foreign country,

4See also Forni et al., 2010, and Cogan et al., 2013, and many others.
5There are many other ways to model �nancial intermediation (see e.g.Forni et al., 2010,

Cogan et al., 2013, and many others who assume a transaction cost incurred when agents
participate in the international asset market), but we prefer to focus on this because we �nd
it more intuitive (see also e.g.Cúrdia and Woodford (2010, 2011).

6Hence, the sovereign interest rate spread between these two countries is created by
transaction costs incurred by the �nancial intermediary.
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N � , that is N = N � . We also assume that the same holds for the number
of capitalists in both countries, that is N k = N k� . In addition, we assume
that there are N f �rms in the foreign country indexed by f = 1;2; :::;Nf ,
whose total number equals that of the foreign capitalists, since it is assumed
that each foreign capitalist owns one foreign private �rm. Furthermore, we
assume that, in each country, the number of capitalists, private workers and
public employees in the population remains constant over time, ruling out
occupational choice as well as mobility across groups. Finally, the share
of capitalists, private workers and public employees in the population of
domestic country are de�ned as vk � N k

N , vw � N w

N and vb � N b

N respectively,
while the share of capitalists, private workers and public employees in
the population of foreign country are de�ned as vk� � N k�

N � , vw� � N w�

N � and

vb� � N b�

N � .
Below, we present the domestic country. The foreign country will be

symmetric except explicitly said. A star will denote the counterpart of a
variable or a parameter in the foreign country.

2.2 Households as capitalists

This subsection presents the problem of domestic capitalists, k = 1;2; :::;Nk.

2.2.1 Consumption bundles and expenditures of domestic capitalists

The quantity of variety h produced at home country by domestic private
�rm h and consumed by domestic capitalist k is denoted asck;H

t (h). Using a
Dixit-Stiglitz aggregator, the composite domestic private good consumed by
k, ck;H

t , consists ofh varieties and is given by(see also e.g. Forni et al., 2010):7

ck;H
t =

2
6666664

N kX

h=1

� 1
N k

� 1
�

[ck;H
t (h)]

� � 1
�

3
7777775

�
� � 1

(1)

where � > 0 is the elasticity of substitution across private good varieties
produced in the domestic country.

Similarly, the quantity of imported variety f produced abroad by for-
eign private �rm f and consumed by domestic capitalist k is denoted as

7Recall that, in Subsection 2.1, we have assumed that the number of domestic �rms (and,
consequently, of domestic varieties) equals that of domestic capitalists.
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ck;F
t (f ). Using a Dixit-Stiglitz aggregator, the composite imported private

good consumed by k, ck;F
t , consists of f varieties and is given by:8

ck;F
t =

2
6666664

N k�
X

f =1

� 1
N k�

� 1
�

[ck;F
t (f )]

� � 1
�

3
7777775

�
� � 1

(2)

In turn, having de�ned ck;H
t and ck;F

t , capitalist k's consumption bundle,
ck
t , is de�ned as:

ck
t =

�
ck;H
t

� v �
ck;F
t

� 1� v

vv(1 � v)1� v (3)

where v is the degree of preference for domestic private goods (if v > 1=2,
there is a home bias).

Each domestic capitalist k's total consumption expenditure is:

Pt c
k
t = PH

t ck;H
t + PF

t ck;F
t (4)

where Pt is the consumer price index (CPI), PH
t is the price index of home

private tradables and PF
t is the price index of foreign private tradables

(expressed in domestic currency).
Each domestic capitalist k' total expenditure on home and foreign private

goods are respectively:9

PH
t ck;H

t =
N kX

h=1

PH
t (h)ck;H

t (h) (5)

PF
t ck;F

t =
N k�
X

f =1

PF
t (f )ck;F

t (f ) (6)

where PH
t (h) is the price of variety h produced at home and PF

t (f ) is the price
of variety f produced abroad expressed in domestic currency.

8Recall that, in Subsection 2.1, we have assumed that the number of foreign �rms (and,
consequently, of imported varieties) equals that of foreign capitalists.

9Recall that, in Subsection 2.1, we have assumed that the number of domestic �rms(and,
consequently, that of domestic varieties) equals that of domestic capitalists as well as that
the number of foreign �rms(and, consequently, of imported varieties) equals that of foreign
capitalists.
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2.2.2 Prices and terms of trade

We assume that the law of one price holds meaning that each tradable
private good sells at the same price at home country and abroad. Thus,
PF

t (f ) = St P
H �

t (f ), where St is the nominal exchange rate (where an increase
in St implies a depreciation) and PH �

t (f ) is the price of variety f produced
abroad denominated in foreign currency. Note that the terms of trade are

de�ned as PF
t

PH
t

(= St P
H �
t

PH
t

), while the real exchange rate is de�ned as St P
�
t

Pt
, where

P�
t stands for the consumer price index (CPI) abroad (see below). Being in a

currency union, we will exogenously set St � 1 at all t .

2.2.3 Domestic capitalists' optimization problem

Each domestic capitalist k acts competitively to maximize discounted ex-
pected lifetime utility:

Eo

1X

t=0

� t U
�
ck
t ;nk

t ;mk
t ;y

g
t

�
(7)

where ck
t is k's consumption bundle at t as de�ned above, nk

t is k's hours of
work at t, mk

t is k's end-of-period real money balances at t, y
g
t are public goods

and services at t divided by the number of domestic capitalists, Eo is the
rational expectations operator conditional on the current period information
set and 0< � < 1 is the time preference rate.

In our numerical solutions, we use a utility function of the form (see also
e.g. Gali, 2008):

U
�
ck

t ;nk
t ;mk

t ;y
g
t

�
=

"
(ck

t )1� �

1 � �
� xn

(nk
t )1+�

1 + �
+ xm

(mk
t )1� �

1 � �
+ xg

(vky
g
t )1� �

1 � �

#

(8)

where xn, xm, xg, � , � , � , � are standard preference parameters.
The budget constraint of each domestic capitalist k (written in real terms)

is:

(1 + � c
t )ck

t +
PH

t

Pt
xk

t +
St P

�
t

Pt
f k
t + bk

t + mk
t =(1 � � k

t )

"

rk
t

PH
t

Pt
kk

t � 1 + f! t
k
#

+ (1 � � n
t )wk

t nk
t +

(9)

+ Qt � 1
St P

�
t

Pt

P�
t � 1

P�
t

f k
t � 1 + Rt � 1

Pt � 1

Pt
bk

t � 1+

+
Pt � 1

Pt
mk

t � 1 � � l;k
t + e� t

k
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where xk
t is k's real private investment at t, f k

t is the real value of k's end-of-
period internationally traded assets at t denominated in foreign currency
(if negative, it denotes foreign private debt), bk

t is the real value of k's end-
of-period domestic government bonds at t, rk

t � 1 is the gross real return to
inherited private physical capital between t � 1 and t , kk

t is k's end-of-period
private physical capital at t, f! t

k is k's real dividends paid by domestic private
�rms at t, wk

t is domestic capitalists' real wage rate at t, Qt � 1 is the gross
nominal return to international assets between t-1 and t, Rt � 1 � 1 is the
gross nominal return to domestic government bonds between t � 1 and t , � l;k

t
are real lump-sum taxes/transfers to each k from the government at t, e� t

k

is the pro�ts distributed in a lump-sum fashion to each k by the �nancial
intermediary (see below) at t, 0 � � c

t � 1 is the tax rate on consumption at t,
0 � � k

t � 1 is the tax rate on capital income at t and 0 � � n
t � 1 is the tax rate

on labor income at t. Small letters denote real variables e.g. f k
t � Fk

t
P�

t
, bk

t � Bk
t

Pt
;

f! t
k �

f
 t
k

Pt
; e� t

k �
f� t

k

Pt
, wk

t � W k
t

Pt
. Also, letters with a star as superscript denote

the counterpart of a variable in the rest-of-the world, e.g. P�
t stands for the

consumer price index (CPI) abroad as said above.
The motion of private physical capital for each k is:

kk
t = (1 � � )kk

t � 1 + xk
t �

�
2

0
BBBB@

kk
t

kk
t � 1

� 1

1
CCCCA

2

kk
t � 1 (10)

where 0 < � < 1 is the depreciation rate of domestic private physical capital
and � � 0 is a parameter capturing adjustment costs related to domestic
private physical capital.

Therefore, each domestic capitalist k choosesfck
t ;xk

t ;nk
t ;mk

t ;bk
t ; f k

t ;kk
t g1

t=0
to maximize Eqs (7) and (8) subject to Eqs.(9) and (10), by taking as given
prices frk

t ;wk
t ;Qt ;Rt ;Pt ;P

H
t ;P�

t g1
t=0 , dividends ff! t

kg1
t=0 , pro�ts f e� t

kg1
t=0 , policy

variables fSt ; �
c
t ; � n

t ; � k
t ; � l;k

t g1
t=0 , and initial conditions, fmk

� 1;bk
� 1;kk

� 1; f k
� 1g.

The �rst order conditions include the constraints Eqs.(9), (10), and:

(ck
t )� �

(1 + � c
t )

PH
t

Pt

2
666641 + �

0
BBBB@

kk
t

kk
t � 1

� 1

1
CCCCA

3
77775= �

(ck
t+1)� �

(1 + � c
t+1)

PH
t+1

Pt+1
� (11)

�

2
666664(1 � � ) + (1 � � k

t+1)rk
t+1 �

�
2

0
BBBB@
kk

t+1

kk
t

� 1

1
CCCCA

2

+ �

0
BBBB@
kk

t+1

kk
t

� 1

1
CCCCA

kk
t+1

kk
t

3
777775

(ck
t )� �

(1 + � c
t )

St
P�

t

Pt
= �

(ck
t+1)� �

(1 + � c
t+1)

Qt St+1
P�

t+1

Pt+1

P�
t

P�
t+1

(12)
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(ck
t )� �

(1 + � c
t )

= �R t
Pt

Pt+1

(ck
t+1)� �

(1 + � c
t+1)

(13)

xn(nk
t )� = (ck

t )� � (1 � � n
t )

(1 + � c
t )

wk
t (14)

xm(mk
t )� � =

(ck
t )� �

(1 + � c
t )

� �
(ck

t+1)� �

(1 + � c
t+1)

Pt

Pt+1
(15)

Eqs.(11), (12) and (13) are respectively the Euler equations of domestic pri-
vate physical capital, internationally traded assets and domestic government
bonds, Eq.(14) is the optimality condition for work hours and Eq.(15) is the
optimality condition for real money balances.

Next, each domestic capitalist k choosesfck;H
t ;ck;F

t gto minimize its total
consumption expenditure, Eq.(4), subject to its consumption bundle, Eq.(3),
by taking as given prices, fPH

t ;PF
t g, and consumption bundle, ck

t .
The �rst order conditions include the consumption bundle of k, Eq.(3),

and:
ck;H
t

ck;F
t

=
v

1 � v
PF

t

PH
t

(16)

which is the optimality condition for sharing the total consumption between
domestic and imported private products.

Eqs.(3), (4) and (16) imply the following relation for consumer price
index (CPI):

Pt = (PH
t )v(PF

t )1� v (17)

Finally, each domestic capitalist k choosesfck;H
t (h);ck;F

t (f )gto minimize
the sum of its consumption expenditure on home and foreign private goods,
sum of Eqs.(5) and (6), subject to the composite domestic private good and
the composite foreign private good consisting of varieties, Eqs.(1) and (2),
by taking as given prices, fPH

t (h);PF
t (f )g, and consumption bundles, ck;H

t and
ck;F
t .

The �rst order conditions include Eqs.(1), (2) and:

ck;H
t (h) =

ck;H
t

N k

 
PH

t

PH
t (h)

! �

(18)

ck;F
t (f ) =

ck;F
t

N k�

 
PF

t

PF
t (f )

! �

(19)
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Plugging Eqs.(18) and (19) into Eqs.(1) and (2) respectively, we get the
following relations for price indexes:

PH
t =

8
>>><
>>>:

N kX

h=1

1
N k

[PH
t (h)]1� �

9
>>>=
>>>;

1
1� �

(20)

PF
t =

8
>>><
>>>:

N k�
X

f =1

1
N k� [PF

t (f )]1� �

9
>>>=
>>>;

1
1� �

(21)

Details of the above problem and its solution are in Appendix A.

2.3 Households as private workers

This subsection presents the problem of domestic private workers, w=1,2,...,N w.

2.3.1 Consumption bundles and expenditures of domestic private work-
ers

The quantity of variety h produced at home country by domestic private �rm
h and consumed by domestic private worker w is denoted ascw;H

t (h). Using
a Dixit-Stiglitz aggregator, the composite domestic private good consumed
by w, cw;H

t , consists of h varieties and is given by:10

cw;H
t =

2
6666664

N kX

h=1

� 1
N k

� 1
�

[cw;H
t (h)]

� � 1
�

3
7777775

�
� � 1

(22)

Similarly, the quantity of imported variety f produced abroad by foreign
private �rm f and consumed by domestic private worker w is denoted as
cw;F
t (f ). Using a Dixit-Stiglitz aggregator, the composite imported private

good consumed by eachw, cw;F
t , consists of f varieties and is given by:11

cw;F
t =

2
6666664

N k�
X

f =1

� 1
N k�

� 1
�

[cw;F
t (f )]

� � 1
�

3
7777775

�
� � 1

(23)

10Recall that, in Subsection 2.1, we have assumed that the number of domestic �rms (and,
consequently, of domestic varieties) equals that of domestic capitalists.

11Recall that, in Subsection 2.1, we have assumed that the number of foreign �rms (and,
consequently, of imported varieties) equals that of foreign capitalists.
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In turn, having de�ned cw;H
t and cw;F

t , domestic private worker w's con-
sumption bundle, cw

t , is de�ned as:

cw
t =

�
cw;H

t

� v �
cw;F
t

� 1� v

vv(1 � v)1� v (24)

Each domestic private worker w's total consumption expenditure is:

Pt c
w
t = PH

t cw;H
t + PF

t cw;F
t (25)

Each domestic private worker w's total expenditure on home and foreign
private goods are respectively:12

PH
t cw;H

t =
N kX

h=1

PH
t (h)cw;H

t (h) (26)

PF
t cw;F

t =
N k�
X

f =1

PF
t (f )cw;F

t (f ) (27)

2.3.2 Domestic private workers' optimization problem

Domestic private workers have the same utility function as domestic capital-
ists(see Eqs.(7) and (8)). Each domestic private workerw acts competitively
to maximize discounted expected lifetime utility taking prices and policy as
given.

The budget constraint of each domestic private worker w (written in real
terms) is:

(1 + � c
t )cw

t + mw
t = (1 � � n

t )ww
t nw

t +
Pt � 1

Pt
mw

t� 1 � � l;w
t (28)

where cw
t is w's consumption bundle at t as de�ned above in Subsection

2.3.1, mw
t is w's end-of-period real money balances at t , nw

t is w's hours of
work at t , ww

t is domestic private workers' real wage rate at t and � l;w
t are

real lump-sum taxes/transfers to each w from the government at t . Again

small letters denote real variables, e.g.ww
t � Ww

t
Pt

.

12Recall that, in Subsection 2.1, we have assumed that the number of domestic �rms(and,
consequently, that of domestic varieties) equals that of domestic capitalists as well as that
the number of foreign �rms(and, consequently, of imported varieties) equals that of foreign
capitalists.
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Therefore, each domestic private worker choosesfcw
t ;nw

t ;mw
t g1

t=0 to max-
imize Eqs.(7) and (8) for w, subject to Eq.(28), by taking as given prices
fww

t ;Pt g
1
t=0 , policy variables f� c

t ; � n
t ; � l;w

t g1
t=0 , and initial condition, mw

� 1.
The �rst order conditions include the budget constraint above, Eq.(28),

and:

(cw
t )� �

xn(nw
t )�

=
1 + � c

t

(1 � � n
t )ww

t
(29)

(cw
t )� �

1 + � c
t

= �
Pt

Pt+1

"
(cw

t+1)� �

1 + � c
t+1

#

+ xm(mw
t )� � (30)

Eq.(29) is the optimality condition for work hours and Eq.(30) is the opti-
mality condition for real money balances.

Next, each domestic private worker w choosesfcw;H
t ;cw;F

t gto minimize its
total consumption expenditure, Eq.(25), subject to its consumption bundle,
Eq.(24), by taking as given prices, fPH

t ;PF
t g, and consumption bundle, cw

t .
The �rst order conditions include the consumption bundle of w, Eq.(24),

and:

cw;H
t

cw;F
t

=
v

1 � v
PF

t

PH
t

(31)

which is the optimality condition for sharing the total consumption between
domestic and imported private products.

Eqs.(24), (25) and (31) imply the following relation for consumer price
index (CPI):

Pt = (PH
t )v(PF

t )1� v (32)

which, as expected, coincides with the equation of CPI derived from the
domestic capitalist k's problem, Eq.(17).

Finally, each domestic private worker w choosesfcw;H
t (h);cw;F

t (f )gto mini-
mize the sum of its consumption expenditure on home and foreign private
goods, sum of Eqs.(26) and (27), subject to the composite domestic private
good and the composite foreign private good consisting of varieties, Eqs.(22)
and (23), by taking as given prices, fPH

t (h);PF
t (f )g, and consumption bundles,

cw;H
t and cw;F

t .
The �rst order conditions include Eqs.(22), (23) and:

cw;H
t (h) =

cw;H
t

N k

 
PH

t

PH
t (h)

! �

(33)
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cw;F
t (f ) =

cw;F
t

N k�

 
PF

t

PF
t (f )

! �

(34)

Plugging Eqs.(33) and (34) into Eqs.(22) and (23) respectively, we get the
following relations for price indexes:

PH
t =

8
>>><
>>>:

N kX

h=1

1
N k

[PH
t (h)]1� �

9
>>>=
>>>;

1
1� �

(35)

PF
t =

8
>>><
>>>:

N k�
X

f =1

1
N k� [PF

t (f )]1� �

9
>>>=
>>>;

1
1� �

(36)

which, as expected, coincide with the equations of price indexes derived
from the domestic capitalist k's problem, Eqs.(20) and (21).

Details of the above problem and its solution are in Appendix B.

2.4 Households as public employees

This subsection presents the problem of domestic public employees, b=1,2,...,Nb:

2.4.1 Consumption bundles and expenditures of domestic public em-
ployees

The quantity of variety h produced at home country by domestic private �rm
h and consumed by domestic public employee b is denoted ascb;H

t (h). Using
a Dixit-Stiglitz aggregator, the composite domestic private good consumed
by b, cb;H

t , consists of h varieties and is given by:13

cb;H
t =

2
6666664

N kX

h=1

� 1
N k

� 1
�

[cb;H
t (h)]

� � 1
�

3
7777775

�
� � 1

(37)

Similarly, the quantity of imported variety f produced abroad by foreign
private �rm f and consumed by domestic public employee b is denoted as
cb;F
t (f ). Using a Dixit-Stiglitz aggregator, the composite imported private

13Recall that, in Subsection 2.1, we have assumed that the number of domestic �rms (and,
consequently, of domestic varieties) equals that of domestic capitalists.
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good consumed by domestic public employee b, cb;F
t , consists of f varieties

and is given by:14

cb;F
t =

2
6666664

N k�
X

f =1

� 1
N k�

� 1
�

[cb;F
t (f )]

� � 1
�

3
7777775

�
� � 1

(38)

In turn, having de�ned cb;H
t and cb;F

t , domestic public employee b's con-
sumption bundle, cb

t , is de�ned as:

cb
t =

�
cb;H
t

� v �
cb;F
t

� 1� v

vv(1 � v)1� v (39)

Each domestic public employee b's total consumption expenditure is:

Pt c
b
t = PH

t cb;H
t + PF

t cb;F
t (40)

Each domestic public employee b's total expenditure on home and foreign
private goods are respectively:15

PH
t cb;H

t =
N kX

h=1

PH
t (h)cb;H

t (h) (41)

PF
t cb;F

t =
N k�
X

f =1

PF
t (f )cb;F

t (f ) (42)

2.4.2 Domestic public employees' optimization problem

Domestic public employees have the same utility function as domestic cap-
italists (see e.g. Eqs.(7) and (8)). Each domestic public employeeb acts
competitively to maximize discounted expected lifetime utility taking prices
and policy as given.

The budget constraint of each domestic public employee b (written in
real terms) is:

14Recall that, in Subsection 2.1, we have assumed that the number of foreign �rms (and,
consequently, of imported varieties) equals that of foreign capitalists.

15Recall that, in Subsection 2.1, we have assumed that the number of domestic �rms(and,
consequently, that of domestic varieties) equals that of domestic capitalists as well as that
the number of foreign �rms(and, consequently, of imported varieties) equals that of foreign
capitalists.
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(1 + � c
t )cb

t + mb
t = (1 � � n

t )wb
t nb

t +
Pt � 1

Pt
mb

t � 1 � � l;b
t (43)

where cb
t is b's consumption bundle at t as de�ned above in Subsection 2.4.1,

mb
t is b's end-of-period real money balances at t , nb

t is b's hours of work
at t , wb

t is domestic public employees' real wage rate at t and � l;b
t are real

lump-sum taxes/transfers to each b from the government at t . Again small

letters denote real variables, e.g. wb
t � Wb

t
Pt

.
Assuming that the domestic government exogeneously determines the

total domestic public wage bill in real terms divided by the number of
domestic capitalists, de�ned as gw

t = vb

vk wb
t nb

t , we can rewrite the budget
constraint of b as follows:

(1 + � c
t )cb

t + mb
t = (1 � � n

t )
vk

vb
gw

t +
Pt � 1

Pt
mb

t � 1 � � l;b
t (44)

Therefore, each domestic public employee choosesfcb
t ;mb

t g1
t=0 to maximize

Eqs.(7) and (8) for b, subject to Eq.(43), by taking as given prices fPt g
1
t=0 ,

policy variables f� c
t ; � n

t ; � l;b
t ;gw

t g1
t=0 , and initial condition, mb

� 1.
The �rst order conditions include the budget constraint above, Eq.(43),

and:

(cb
t )� �

1 + � c
t

= �
Pt

Pt+1

2
66664
(cb

t+1)� �

1 + � c
t+1

3
77775+ xm(mb

t )� � (45)

Eq.(45) is the optimality condition for real money balances.
Next, each domestic public employee b choosesfcb;H

t ;cb;F
t gto minimize its

total consumption expenditure, Eq.(40), subject to its consumption bundle,
Eq.(39), by taking as given prices, fPH

t ;PF
t g, and consumption bundle, cb

t .
The �rst order conditions include the consumption bundle of b, Eq.(39),

and:
cb;H
t

cb;F
t

=
v

1 � v
PF

t

PH
t

(46)

which is the optimality condition for sharing the total consumption between
domestic and imported private products.

Eqs.(39), (40) and (46) imply the following relation for consumer price
index(CPI):

Pt = (PH
t )v(PF

t )1� v (47)
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